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I. INTRODUCTION 
In numerous areas of solid mechanics, the concept of buckling is 
an important and fairly well-understood phenomenon. The understanding 
of the buckling of columns, beams, plates and other structures is 
critical in many design situations. The phenomenon of buckling, i.e. 
the transition from the straight to the bent configuration at the 
buckling load, occurs because the straight configuration ceases to be 
stable. The buckling of structures has been extensively investigated, 
both theoretically and experimentally. For example, there are the 
well-known equations governing the critical load for buckling in 
slender columns with given end conditions. These equations are the 
well-known Euier equations (1). 
Within the realm of fluid mechanics a similar phenomenon is 
observed (see Figure 1) — a phenomenon typified by the familiar 
coiling of a thin stream of honey as it falls onto a flat plate. 
Careful observation indicates that a high viscosity fluid such as 
honey may depart spontaneously from a stable axially symmetric 
stagnation jet flow and, under the appropriate physical conditions, 
maintain a state in which helical oscillations are observed in that 
region of the jet close to the stagnation surface. In our example, 
this would be near the plate. This spontaneous transition from a 
condition of steady, stable flow to unsteady oscillations of parts 
of the jet column we refer to as "fluid buckling." In analogy with its 
much studied counterpart in solid mechanics. 
) 0,) Cm) 
higure ia. I he DucKling or a riuio column. 
i) Ax !symrnetrÎc jet in 
stagnat ion  f lov /  
i i )  A x  i  s y m r n e t r  i c  J e t  a t  
po in t  o f  buck l Ing  
i  i  i )  The  co i I ing  tha t  
ex is ts  a f te r  buck l Ing  
PLANE JET 
iRIFICE 
~H H-d AXISYMMETRIC JET 
H 
FLAT PLATE 
FLUID FLOW RATE, H = ORIFICE-PLATE DISTANCE 
= PLATE ORIFICE DISTANCE AT BUCKLING (BUCKLING HEIGHT) 
W = SPIN OR FOLDING RATE OF COILS FORMED AFTER BUCKLING 
d - ORIFICE DIAMETER, d^ = SLIT WIDTH 
Figure  lb:  Nomenclature  for  the  s tudy  o f  f lu id  buckl ing .  
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In contrast to the buckling of solids, very little is known about 
fluid buckling. For example, it is not known what the mechanisms are 
that cause this instability. It is not known what important physical 
parameters are involved (fluid properties, flow geometry, etc.). Nor 
is it known what important dimensionless parameters are involved. 
Also, why does a fluid like honey behave almost routinely in this 
manner but water, on the other hand, has never been observed in this 
oscillatory mode? 
The purpose of this research is to demonstrate that this insta­
bility exists and to help bring it to the attention of other workers 
in this field, to establish theoretically and experimentally the 
conditions that might be responsible for it, and to study the flow 
behavior that results in the buckled flow. 
Naturally, as with its counterpart in structural mechanics, there 
are physical limits to the study of this problem. A minimum flow rate 
is required to form a jet: If Che jet diameter is SmSll enough, drops 
may be formed rather than a jet. The conditions necessary for the 
production of a jet, rather than drops (an interesting problem in 
itself), have been theoretically investigated by Zaik (2). 
For large diameter nozzles, the critical lower limit is attained when 
the fluid no longer fills the orifice and the jet peels away from the 
nozzle wall. 
Experimental evidence in the form of photographs is used where such 
photographs are essential in the study of this instability. They are found 
to be quite useful in the study of the response of the jet to external 
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disturbances before and after buckling. These photographs indicate 
that disturbances occurring in the "coiling-region" are not noticeable 
in the upstream regions of the jet, while prior to the rise of this 
condition, disturbance of the jet near the plate is readily trans­
mitted upstream. It is thus postulated that fluid buckling is the 
result of a discontinuity, similar to a shock or a hydraulic jump and 
a theoretical justification of this assertion is provided. 
The buckling of a stagnating fluid jet exists only for low 
Reynolds number flows and the upper value of the Reynolds number 
above which buckling will not occur is established experimentally. 
For the axially symmetric jets, the oscillations that occur after 
buckling are usually helical in nature; however, for two-dimensional 
plane jets, the oscillations are described approximately as sinusoidal 
folding. 
The buckling modes for other interesting geometries are shown 
photographicallyi however, the effect of fluid properties on the 
development and maintenance of this instability is investigated only 
for the axisymmetric and plane jets. 
This investigation is important both as basic research into an 
interesting phenomenon never before experimentally investigated and as 
a tool for obtaining fundamental understanding of a phenomenon that 
appears to have significant implications for the study of fluid 
stability in general. 
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II. LITERATURE REVIEW 
The study of the stability of fluid motion is not a new problem and 
most, if not all, of the classical solutions of the Navier-Stokes equa­
tions have been subjected to some form of stability analysis with vary­
ing degrees of success. 
Probably the most famous of all stability equations are the Orr-
Sommerfeld equations which can be found in most standard books on fluid 
dynamics (3, 4). They are associated with the conditions governing the 
transition of a fluid in parallel motion, from one mode to another as 
a result of growth of disturbances in the fluid. Most previously studied 
cases of fluid instability have dealt with the transition from laminar 
to other laminar or turbulent flows or with the break up of fluid jets 
due to surface tension. 
Ink-jet printing and other technological advances have encouraged 
the continuation of work on the problem of jet break up, Rayleigh (.5) 
has studied the problem as have others, such as Bogy (.6) and Lafranee 
(7). While the work of Rayleigh and others relates to the instability 
of semi-infinite liquid jets at low Reynolds' numbers due to surface 
tension, other workers have been involved with the stability of high 
Reynolds' number jets. Mattingly (8) has studied the stability of the 
inviscid fully developed axisymmetric jet, Others who have worked in 
this area are Morris C9), Mattingly and Chang (10), and Mattingly and 
Criminale (11). A review of their work indicates that the stability 
of fluid jets at high Reynolds' numbers is their main concern. 
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Initial studies concerning the stability of a viscous liquid column 
were first performed by Taylor (12). He is credited with having first 
offered a hypothesis of the fluid jet buckling phenomenon, explaining 
it as analogous with Euler buckling, with the sign change on the axial 
stresses, from tension to compression, being mainly responsible. He did 
not offer any theoretical or experimental evidence for this. Buckmaster 
(13), in his modelling of a similar problem, appears to disagree with 
this hypothesis that Taylor offered for this class of stability problems. 
Suleiman (14) has conducted experiments with regard to the buckling 
of thin layers of very viscous liquids subjected to linear shear flow. 
His results indicate that, as with a solid plate, the existence of a 
normal compressive stress is essential if instability or buckling is to 
take place. 
The existence of helical oscillation^ similar to the buckling flow 
mode for the axisymmetric stagnation jet, has been reported by Freeman 
and Tavlarides (15) (see Appendix B) in a different physical setting. 
The oscillations are observed on a jet of viscous liquid flowing through 
a second immiscible liquid. 
Lienhard (16) has observed and studied standing waves on liquid 
jets such as small diameter water jets impinging on liquid surfaces. 
His results indicated that the effect is mainly a surface tension 
effect. 
The basic stable (unbuckled) axisymmetric jet shape is also of 
interest. The governing equations for ona=diraensional flow have been 
derived by several workers, prominent amongst whom are Oliver (17), 
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Matovich and Pearson (18), and Trouton (19). Solutions to these equa­
tions for the semi-infinite jet with some simplifying assumptions are 
found in the paper by Matovich and Pearson. Clarke (20) has also carried 
out theoretical studies of the viscous-gravity semi-infinite jet. 
The discussions above have considered the possibility that the 
phenomenon under investgation could be the result of instability of the 
basic flow in the classical sense. There are other, well-known cases 
where the character of the flow has changed, not because of the growth 
of disturbances (the classical explanation of instability), but because 
of the inability of disturbances to propagate into some regions of the 
fluid medium. Shock phenomena in gases and hydraulic jumps in channel 
flows are examples of this type of problem. It is shown later in this 
thesis that fluid buckling has some characteristics similar to shocks 
in gases or hydraulic jumps in liquids. 
The existence of shocks in gases under certain circumstances has 
been recognized for quite some time now and there are innumerable 
treatises on the subject. The books by Shapiro (21) readily come to 
mind. Other useful texts are by Thompson (22) and Courant and Friedrichs 
(23). 
Hydraulic-jumps have also been studied extensively and the reader 
may refer to books by Vennard and Street (24), Pau-Chang Lu (25) and 
Strsstsr and v/yiie (26) for insight into this condition. 
Shocks are characteristic of disturbance propagation through pres­
sure waves while the hydraulic-jump is representative of disturbance 
propagation through the medium of surface waves. The general problem 
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of waves on free surfaces is an area of active research, although most 
literature on the subject seems to be restricted to the irrotational 
mode with emphasis on water waves. This is understandable for obvious 
practical reasons but has left a gap in our knowledge of the impact of 
viscosity on free surface phenomena, Basic coverage of the subject of 
surface waves on fluid assumed irrotational is found in the book by 
Currie (27). 
For the viscous fluid jet in stagnation flow, the multi-dimensionality 
of the flow near the flat surface introduces complexities into the model­
ling of the basic flow itself. However, it is possible to apply the 
appropriate boundary conditions to the one-dimensional model to produce 
solutions which approximate the flow against the plate for the axisym-
metric jet. These new solutions for the case of the viscous-gravity 
jet are discussed in this thesis and comparisons are made between these 
solutions, solutions obtained numerically to the complete one-dimensional 
equation and the actual flow. 
The results of the study of excitations of a fluid jet column could, 
we hope, provide some theoretical insights into the relationships between 
fluid characteristics and the stability of the column. This theory is 
worked out in this thesis and is based in part on the work of Ames C28) 
and Zaiser (.29). Their work, which involved an investigation of the 
vibration of a moving solid threadllne, generated the basic equations, 
which in modified form, are applied to the fluid jet problem. It is 
hoped that the establishment of theoretical foundations for the exist­
ence of regions of instability of the governing equations will buttress 
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the argument that the problem at hand is related closely to shock and 
hydraulic jump-type problems and that all these may be different branches 
of the classical problem of fluid stability. 
In summary, there is no known literature, at present, that deals 
specifically with the particular problem under investigation, although 
work of very general relevance has been done by several researchers. 
There are, therefore, no specific theoretical or experimental data that 
can be used for purposes of comparison except for those which are 
developed in this thesis. 
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III. DESCRIPTION OF THE EXPERIMENT 
A. The Experimental Method 
The basic apparatus for the experiment is shown in Figure 2, and 
it consists of an orifice through which a high viscosity fluid is pumped. 
The resulting fluid jet impinges on a flat plate a known distance, H, 
below the orifice as in Figure lb. 
The working fluid was mainly Dow Corning 200 silicone oil which 
was chosen because of its fairly flat viscosity-temperature curve, its 
availability over a wide range of very high viscosities and its clarity. 
Other fluids such as sorghum and corn syrup (which have surface tensions 
different from that of silicone oil) were used at times, although most 
of the data were taken with silicone oil. Properties such as- non-
toxicity were considered in the choice of fluids, 
The fluids used had viscosities ranging from 1000 cs to 30,000 cs. 
It is to be noted that these values are three to four orders nf magni­
tude more viscous than water which has a kinematic viscosity of 1 cs. 
The surface tension of the silicone oil was approximately 22 dynes/cm^ 
while that of the water-based sorghum and com syrup were about 55 
dynes/cm and 68 dynes/cm, respectively. The viscosity of the silicone 
oils was supplied by the manufacturer, but this was checked using a 
calibrated capillary tube viscometer. The surface tension was measured 
using a surface tensiometer. The jet diameters used in the experiment 
were 0.114 cm, 0,198 cm, 0,317 cm, 0.635 cm, 0.953 cm, 1.27 cm, and 1.91 cmi 
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Figure  2 :  Equipment  for  f lu id  buckl ing  exper iment .  
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For the plane jet, orifice dimensions were, for D/d^ = 5, 0.198 cm x 
0.99 cm, 0.317 cm x 1.60 cm, 0.635 cm x 3.18 cm; for D/d^ = 10, 0.198 cm 
X 1.98 cm, 0.317 cm x 3.17 cm, 0.414 cm x 4.14 cm; and for D/d^ =15, 
0.24 cm X 3.58 cm, 0.198 cm x 1.17 cm, and 0.16 cm x 2.40 cm. 
The orifice to plate distance at which buckling first begins, 
and the resulting value of w (see Figure lb) at and beyond this point 
were measured for the various orifice sizes and geometries, at different 
fluid flow rates Q, and at varying values of H. 
The value of w was measured with a stroboscope, the fluid flow rate, 
Q, was measured by collecting an amount of fluid over a period of time 
and weighing the result, while the plate to orifice distance, H, was 
read off an appropriate measuring gauge. 
This process was continued until either the capacity of the pump 
did not allow for further increases in flow rate, or until the fluid 
did not buckle at all as higher flow rates were attained. 
While the phenomenon of coiling or folding can be adequately pro­
duced by having the fluid jet impact on a surface of similar, stagnant 
fluid, this was avoided in favor of having it impact on a solid surface 
because of the increased possibility of bubble formation in the viscous 
fluid and the attendant fluid property deterioration. All efforts were 
made to run the experiment without bubbles in the fluid; however, for 
the fluids used, it was difficult to avoid the formation of bubbles at 
all times. Such occasions, however, were kept to a minimum. 
From a purely experimental design point of view, having the jet 
Impact on a plate was preferable since it allowed for accurate record­
ing of the location of the stagnation surface. 
14 
A motion picture record of many aspects of the fluid buckling process 
for the axisymmetric jet was made and Figures 3 and 4 were reproduced 
from it. They were used to study the effect of disturbing the fluids near 
the plate, before and after buckling. 
All the results obtained were plotted according to the equations 
derived in Chapter III.C. and are presented in Chapter V.B. They are 
also discussed fully there, however, the general trends of the results 
are indicated by Figure 5, which shows the graphical representation of 
the relationship of the spin rate to plate distance for two different 
orifice sizes for the axisymmetric jet and Figure 6 which indicates the 
buckling length relationship to fluid flow rate for various jet orifice 
diameters. 
Figure 7 shows a particularly smooth form of the coiling that is 
obtained under some circumstances, and Figure 8 is an example of the 
two-dimensional folding obtained with an axisymmetric jet just before 
all oscillations disappear altogether, as the flow rate gets very high. 
The basic equipment described above was used at other points in the 
study of fluid buckling to investigate aspects of the problem such as 
the relationship between the jet diameter before buckling to that after 
buckling, and also the effect of external disturbances on the jet profile. 
The specific details of these experiments with their corresponding results 
are presented at the appropriate parts of this thesis. 
Figure 3- Time sequence of oscillations of a "subcritical" (H < jet 
due to an external disturbance. Time Interval between successive 
pictures is O.O83 seconds. H = 3 cm, d • 1.27 cm 
16 
\ J 
•i 1 
- ! 
Figure  4 .  Time sequence  showing  no  osc i l la t ions  of  a "supercr i t i ca l"  
(H >  Hg)  j e t  when j e t  base  î s  d i s turbed.  Time Interva l  
between success ive  p ic tures  i s  0 .082  seconds .  H «  12  cm,  
d  "  1 .27  cm 
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Figure  6 .  Buck l ing  l eng th  a s  a  func t ion  o f  f l ow  ra te .  
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Figure  7 .  Buck l ing  in  the  form o f  he l i ca l  co i l s ;  
H =  1 .98  cm,  Q.  =  9 . 74  X 10~2  cm3/ s ,  
d  =  0 .114  cm,  w  =  3300  RPM,  v  =  5500  c s  
F i g u r e  8 .  B u c k l i n g  i n  t h e  f o r m  o f  t w o - d i m e n s i o n a l  
f o l d i n g  H = 9*1 c m, Q. = 20.7 c m  / s ,  
d  =  1 . 2 7  c m ,  w  =  5 8 0  R P M ,  V  -  5 5 0 0  c s  
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B. The Equipment 
The equipment used is as shown in Figure 2. It consists of a clear 
solid plastic container with outlets in the base through which the work­
ing fluid can be drawn by the pump for circulating through the steel 
pipe into the pressure chamber. The fluid is then forced by the build 
up of air pressure, through the orifice at the end of the vertical steel 
pipe and onto the plate. It is then allowed to flow over the sides of 
the plate and recollects at the bottom of the container and the cycle 
continues. 
The pump is a gear-type and is driven by a variable speed electric 
motor which, itself, is controlled'by a variable speed controller. 
The one-fifth horsepower motor was barely powerful enough to pump 
the more viscous fluids (.such as the 30,000 cs silicons oil) at the 
higher flow rates and its capabilities were a limiting factor on the 
range of viscosities used. It, however, performed satisfactorily over 
the range of fluid viscosities studied. 
For very low flow rates through the orifice, some of the fluid can 
be bypassed directly back into the container without passing through 
the orifice. 
A thermometer is incorporated for monitoring the fluid temperature 
so that its viscosity can be determined and a stroboscope was used for 
measuring the rate of coiling or folding, w, after the fluid had 
buckled. 
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Glass beakers were used to collect the fluid so that flow rates 
could be determined and the pressure relief valve was incorporated into 
the system for reasons of safety. 
The following are more complete specifications of the major pieces 
of equipment used in thAs study: 
No. Name & Type 
1 Stroboscope; Strobotac 1531 
1 Motomatic Speed Control 
and Variable Speed Motor 
1 Rotary Gear Pump Model IS 
Silicone Oil - Dow Corning 200 
Sorghum, Corn Syrup 
Calibrated 
Capillary Tube Viscometer 
Surface Tensiometer 
Manufacturer 
General Radio Co 
Concord, Mass 
Electro-Craft Corp 
Hopkins, Minn 
Browne & Sharpe Mfg Co 
North Kingstown, RI 
Dow Corning Corp 
Midland, Mich 
Available Locally 
Fisher Scientific Co 
711 Forbes Ave 
Pittsburgh, Penn 
C. Dimensional Analysis of the Experimental Data 
It is postulated that the frequency of spin or folding of the 
buckled column, , would depend on the following variables, for the 
case of the axisymmetric jet; 
0) = <j)(a, H, g, p, d, y, Q) (JL) 
where o = surface tension of fluid, 
H = location of plats, 
g = acceleration due to gravity, 
p = density of fluid, 
d = diameter of orifice, 
y = viscosity of fluid, 
Q = volume flow rate of fluid. 
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Thus, according to the Buckingham-Pi theory of dimensional analysis. 
Equation 1 can be rewritten in terms of five non-dimensional groups. 
One such possible representation is given by 
wCd/g)-^ = f. (V = C2> 
or for Y = Pg (3) 
w(d/g)^ = . (4) 
It is seen that 
h  
w(d/g) is proportional to the square root of the ratio of the 
centrifugal acceleration of the coiling fluid to gravi­
tational acceleration, 
is the ratio of surface tension to gravitational forces. 
yd 
is the ratio of viscous to gravitational forces, 
g 
is a geometrical parameter, and 
gd is the square of the ratio of inertia to viscous forces, 
V that is, 
it is a Reynolds number-type term with velocity proportional to v^d 
and where d is an appropriate length scale. If desired, this last dimen-
sionless parameter could be replaced by a more typical Reynolds number 
defined as pQ/yd. If this were done, the flow rate, Q, would appear in 
two of the dimensionless groups of Equation 4. By using gd^/v^ as the 
only term with inertia involved in it, all of the independent parameters, 
except one, involve only fluid properties and geometry. Furthermore, 
by choosing the. form gd^/v^, some account is taken of local inertia 
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effects which would be different from that at the orifice due to the 
acceleration of the fluid by gravity. 
Prior to the critical point (onset of buckling), w does not exist, 
H 3 
thus —^ , where is as in Figure lb, (5) 
and since the instability occurs at low Reynolds numbers (see Chapter V) 
we expect inertia effects to be negligible so that 
For the plane jet with D = length of slit and dj^ = width of slit, another 
parameter is required, ^  with the representation becoming: 
f--
where Q' = flow rate/unit length. 
If the flou is assusisd to be one-dimensional, theu the dependent 
parameters should not depend on thus 
-1 (9) 
w(dj/g)-' = 2-, ^ ). (10) 
It is our intention to determine the nature of these relationships 
experimentally. The results obtained are presented and discussed in 
Chapter V. 
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IV. THE BASIC STABLE JET SHAPE 
(A One-Dimensional Model of the Flow Problem) 
In the following sections, an analysis is undertaken of the stable 
flow in the jet using a one-dimensional approximation. Matovich and 
Pearson (18) have shown that higher order models of the flow could be 
generated and this one-dimensional model is then the first order 
approximation. The axial velocity is assumed to be uniform across the 
jet, velocity components normal to the jet axis are assumed negligible 
and the fluid is assumed to be Newtonian. 
Analytical solutions of the resulting equation are provided for 
some simplified models of the flow, in the case where the jet is flow­
ing vertically downwards against a flat surface. 
Comparisons between these analytic solutions, the actual flow pro­
file and numerically determined solutions of the full one-dimensional 
equations of motion are made to establish the validity of the analytic 
solutions and of the one-dimenslonal model of the flc^' Itself, 
It should be clearly understood at this point that all theoretical 
considerations in this thesis are based on one-dimensional theory, first 
and foremost, because a two-dimensional model gets complicated quite 
quickly and it is believed that valuable insight into the physics of 
the problems can be gained without recourse to the more complicated 
two- or three-dimensional model. 
The results obtained would, therefore, be subject to the limita­
tions of a one-dimensional approach, but this shortcoming appears at 
this stage to be necessary if mathematical complexity is not to be 
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allowed to interfere with this attempt to understand the nature of this 
problem. 
A. The Governing Equations (Axisymmetric Flow) 
In the following analysis based on (18): 
Q = flow rate of fluid, 
p = density of fluid, 
g = acceleration due to gravity, 
a = jet radius, 
cr = surface tension, 
Fg = force due to surface tension, 
V = fluid axial velocity, 
X = axial distance along the jet, 
C )' = d/dx, 
Txx = normal axial stress in the jet, 
r = radial position within the jet. 
If we apply Newton's second law of motion to the element of the jet 
shown in Figure 9, 
= pQCv + dv - v) (11) 
and thus 
-Tra^T^x + (n(a + da)^)(Txx + 4?%%) + -^(iTa^ + 7r(a + da)^)dx 
- F^cosS^ + (Fo + dFgjcosGg = pQ(v + dv •- v) . (12) 
After simplifying, using the fact that Fq- = 2iTaa and 8^ = 
this becomes 
a^T^^ + 2aT^^a' + pga^ + 2a'a = pa^w' (13) 
or pw' - pg + + f). 114) 
For a Newtonian fluid, the constitutive equations are: 
"^xx = -P + 2yv' , = -P + 2p|^ (15) 
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XX 
g(ACCELERATION DUE TO GRAVITY) 
XX XX 
Figure  9 :  Free  body  d iagram for  f lu id  j e t  e l ement  
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where p is the thermodynamic pressure, u is the radial velocity and 
is the radial normal stress. 
Consider a force balance in the r-direction (Figure 10), From 
Newton's second law of motion: 
= 0 a6) 
or 2aTpp dx + 2adx = 0. (17) 
Thus, the radial normal stress is balanced by surface tension forces 
so that 
\r = f • (18) 
Substituting into Equation 15 gives 
^ = -p + 2„|S . (11) 
From continuity, + -g = —^ (20) 
where under the one-dimensional assumption, v = v(x) only, therefore 
f + 7 = «1) 
or -^ + — = f(x) only. (22) 
oTT T 
We now assume that u = u(.x,r) = U(x)r (23) 
then + -g = 2U, (24) 
i.e. 2U = -v' or U = -!gv'. (25) 
Hence, u(x,r) = -Jjv'r (26) 
or -^ = -isv'. (27) 
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F igure  10 :  Rad ia l  f orce  ba lance  on  f lu id  j e t  
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Substituting Equation 27 into 19, we obtain 
^ Œ -p - yv' (28) 
or -p = — + yv'. (29) ' 
Thus, substituting Equation 29 into 15, we obtain 
"xx = + 3%"^' (30) 
Hence, the normal axial stress in the jet is composed of a surface tension 
effect and a viscous effect due to the fact that the axial velocity is 
not constant along the jet (v' ^  0), If we define the normal tensile 
force along the jet as T, it is seen that 
T = 2TTaa + (—^ + 3iiv')7ra^. 
Ihu=. T = fh ^  + 3vg) (31) 
where d^ is the local diameter of the jet. 
Furthermore, T' = + 3uv" 
XX a ^ 
and since Q, the flow rate, is equal to -rra^v 
then 2aa'v + a^v' = 0 
C32) 
or 
^ I • 
—^ ^ with a = /Q/ttv . C33) 
Thus, Equation 14 becomes 
^ ^ 3iiv" + pg + 2— C-^ + 3viv' + ^ ) 
6a Si & a 3 
(34) 
or = Pg + 3yv" + 3viv'(^) + ^ (:^). (35) 
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Thus, the one-dimensional motion of an incompressible Newtonian fluid 
jet, governed by gravity, inertia, surface tension and viscous forces 
can be obtained from the following second order non-linear ordinary dif­
ferential equation: 
pw' = pg - 3vi(—+ 3-iiv" - OTT^ —-—J- . (36) 
V 2(Qv)% 
B. Analytical Solutions to the Stagnating Flow Problem 
1. The viscous-gravity jet governing equation 
If surface tension and inertia are neglected in Equation 36, the 
governing equation becomes : 
0 = pg - 3y(^)^ + 3yv". (37) 
Now, Q = Tra^v = na^v^ (38) 
where v^ is velocity of fluid at orifice and a^ is jet radius at orifice. 
Thus a^dv + 2avda = 0 for Q = constant, (39) 
and we have v' = -2v^ = -2v a^ (40) 
a o o a 
so that v" = -2va2(^T - 3-^^ir—(41) 
Using these substitutions allows the governing Equation 37 to be written 
in terms of jet radius, a, as 
2 a" u. 2 (a'): 0 = pg - 6uv_a/ pr + 6V1V , 
o U o U V ci 
(42) 
We non-dimensionalize Equation 42 as follows: x* = x/a , a* = a/a . 
o o 
Then rewriting Equation 42 but dropping (*) gives 
aa" - (a')2 ~ ITT where = 6yv /pga^. (43) ix o o 
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The dimenslonless boundary conditions for flow against a flat surface 
become x = 0, a = 1, and x = H, a The boundary conditions on the 
dimensional velocity are 
V = V at X = 0 and v = 0 at x = H. (44) 
o 
2. Solutions to the governing equations; Viscous-gravity jet 
To solve these equations (43 and 44) 
let z = — . (45) 
a 
Thus a = — and a' = —% z' 
z z 
(46) 
a" = fr z" + frCz')" 
Substituting these into the viscous-gravity jet equation, 
(z')^ - zz' = ^  . (47) 
Let F = z^z' where q is a constant. C48) 
Then ^((a + l)(z')^ - &r). (49) 
az rv. 
For the case q = -1, 
^ ^  • <50) 
and upon integrating with respect to z ,  we obtain 
^ z~^ + e^ where e^^ is a constant. (51) 
Thus F = ±(-^ z ^ + e^)^L (52) 
Hence ^  = ±(^ z ^ + e^)^ (53) 
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or —^—XT = (54) 
Integration of Equation 54 depends on the value of the constant e^. The 
results for e^ equal to, greater than and less than zero are presented 
below: 
1) Assume e^ = 0. (55) 
From 54: 
—^ = ±dx or Kdz = ±dx (56) 
Ih 
and Kz = ±x + e^, where e^ is a constant 
X 
or z = — ±- (57) 
and using the condition that z = 1 at x = 0 
^ = 1. (58) 
Thus z = 1 ± I . (59) 
Hence a = ^ (60a) 
^ " 1 -^/K 
are both possible solutions for the jet radius. Solution 60a is for a 
semi-infinite jet and was previously obtained by Matovich and Pearson 
(18). Solution 60b and the following are new solutions for the stagnat­
ing jet flow. 
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2) Assume e, > 0 and let e m, 
1 ~ "1 ' 
(61) 
then from 54; 
dz 
= ±dx. 
il i dx, 
(62) 
(63) 
and ±xiiLj^ = In 
: + 
1 + (1 + 
Thus with —2^ = n^, and 1 + /l + —hpr = p, constant. 
(64) 
this can be written as 
±xm, •= ln(—) + slnh ^ (—) 
•1. p n 
or — = slnh['±TiL,x - ln( " )1 , 
" ' ~ 1 + /I + n^ ' 
(65) 
and for InC^ + + „i) = "C^, 
— = slnh(±m^x + c^) 
or na = l/sinh(±in^x + c^). 
Thus, the jet radius is given by a = 1/n/(sinh(±in,x + c,)) C66) 
Let 1/n = a^, then substitution Into the viscous-gravity jet equation 
requires that 
ai 
™1 " "K ( 6 7 )  
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*1 
Thus, a = aj^/sinh(±—X + c^) (68) 
3) Assume < 0 and - = s^. (69) 
Then from 54: 
dz 
=±dx (70) 
s:z2 
or again f - ± J /& - dx + c„ (71) 
where is a constant. 
Thus ±sx = cos i(zKs) — Cg 
and zKs = cosCtsx + Cg). 
Thus, z = ^ gtos(+ SX + Cg) (72) 
and the jet radius a = Ks/cos(±sx + c^) . (73) 
'^2 
Thus, if Ks = a^, then s = — <74) 
a, 
and a = a2/cos(±^-x + c^) . (75) 
These solutions (Equations 60b, 68 and 75) must satisfy the boundary con­
ditions of Equation 44. 
TJ 
It is clear that Equation 60b will satisfy Equation 44 if = 1 
and it is, therefore, a solution to the stagnation flow problem under 
this condition. 
Further analysis is required of Equations 68 and 75 if they are to 
satisfy Equation 44. 
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Consider the solution, Equation 68: 
a. 
a = a^/sinh(±^-x + c^) 
where a^^ and are constants. 
To satisfy Equation 44, it is clear that = sinh c^ (76) 
and we must choose the minus sign so that 
^1 
a = a^/sinh(c^ - ^ -x) to ensure satisfying the condition x = H, 
a ^  00. This is satisfied if 
= 0 and a^ ^  0 (77) 
i.e. - gSinh c^ = 0 and sinh c^ f 0 
H 
or if we denote — = 3. 
- 3sinh c^ = 0, sinh c^ f 0. (78) 
Thus, f 0 . (79) 
But there can be no solution to Equation 78 satisfying Equation 79 unless 
6 < 1, hence for 3 < 1, Equations 43 and 44 have solution 
a = sinh Cj^/sinh(Cj^ - ^ sinh c^) (80) 
where c^ is the solution to Equations 78 and 79. Another solution is 
^2 
Equation 75, a = ag/cos(±^-x + Cg), where a^ and are constants. 
Again, the boundary conditions imply that a^ =. coscg, and we choose the 
plus sign so that 
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a = coscg/cosc^coscg + c^). (81) 
To ensure that a-»-oo at x = H, we must have 
^oscg + Cg = IT/2 (82) 
or gcoscg + = ïï/2 with f w/2. 
In this case, there can be no solution to Equation 82a unless 3 > 1. 
Hence Equations 60b, 68, and 75 are solutions of the one dimensional 
viscous-gravity equations (43 and 44) for flow against a flat plate. 
Which solution is appropriate for the particular physical system in-
JJ 
volved depends on the value of the parameter B 
An analytical solution of the full one-dimensional jet equation 
(including inertia, gravity, viscosity and surface tension) has not been 
obtained. To solve this equation, a numerical scheme was used (see next 
section). 
G. Comparison of the Solutions of the Viscous-Gravity 
Jet With Actual Flow and Numerical Solutions of the Complete 
One-Dimensional Equations 
The experimental setup described earlier was used to ascertain 
the basic, stable jet shape. Photographs (Figures 11a and lib) were 
taken of a pair of the stable jets in stagnation flow. Orifice diam­
eters were 0.635 cm and 1,27 cm. A scale (shown in the photographs) 
was used to determine the jet profiles. 
As the previous theoretical analysis shows, the "viscous^gravity" 
model of the jet neglects inertia and surface tension effects and 
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(Q) 
Figure  11=  Basic (stable) axially symmetric j e t  In  s tagnat ion  f l ow  
(a )  d  •  0 .635  cm 
V " 10,000 cs 
(b )  d  •  1 .27  cm 
V •  10 ,000  c s  
38 
generates solutions for stagnating flow that are different, depending 
upon the value of 3» a combination of geometric and flow parameters. 
Hence, the comparisons made in this section are for two of these 
"different" jets, 3 < 1 and 3 > 1. 
The fluid used was 10,000 cs silicone oil and orifice diameters 
were 0,635 cm and 1.27 cm at flow rates of 8.82 cm^/s and 9.58 cm^/s, 
with orifice to plate distances of 2.84 cm and 3.75 cm, respectively. 
The theoretical jet profiles were generated using Programs I and 
II (Appendix C), Program I solves the complete one-dimensional flow 
equations (36 and 44) using a "shooting" method for that boundary-value 
problem and Program II generates numerically the solutions derived 
earlier for the viscous-gravity jet. 
Figure 12 shows a graphical representation of the solutions ob­
tained from the above analysis for the case 3 < 1» while Figure 13 is 
for 3 > 1. 
It is quite clear that for the orifice diameters studied and at-
the flow rates used, there is excellent agreement between the "viscous-
gravity" jet profile and that obtained by integration of the complete 
equations. Thus, it would seem that if the one-dimensional model is 
being used, the simpler viscous-gravity solutions obtained earlier 
would suffice. 
Comparison of the actual profile measured from the photographs 
with both of the solutions discussed above (viscous-gravity jet and 
the numerical solution to the full equation) shows that there is good 
agreement between all three as far downstream as the experimentally 
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a 
1 -
o COMPLETE 1-DIMENSIONAL SOLUTION 
a VISCOUS-GRAVITY JET (e< 1) 
A EXPERIMENTALLY DETERMINED PROFILE 
10,000 cs SILICONE OIL 
0 
a„(ORIFICE RADIUS) = 0.3175 cm (1/8 in.) 
PLATE irrtiiiimin 
Figure  12 :  Compar i sons  o f  j e t  pro f i l e s  (3  <  O-
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a 
— D 
COMPLETE 1-DIMENSIONAL SOLUTION 
VISCOUS-GRAVITY SOLUTION (6> 1) 
EXPERIMENTALLY DETERMINED PROFILE 
10,000 cs SILICONE OIL 
a^fORIFICE RADIUS) = 0.635 cm (1/4 in.) 
PLATE 
Figure  13 :  Compar i sons  o f  j e t  pro f i l e s  (3  >  1 ) .  
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determined profile could be accurately determined for the case $ > 1, 
There is reasonable agreement in the first two to three radii for the 
case 3 < 1, but the two analytic solutions both overestimate the jet 
radius further downstream of the nozzle. 
The results do not appear too surprising. In the viscous-gravity 
solution, it is clear that neglect of inertia at the low Reynolds' num­
bers involved is a reasonable assumption. Surface tension effects are 
expected to be significant in very small diameter jets, and it is 
apparent that for the jet diameters used (0,635 cm, 1.27 cm) there is 
not much of an effect from the surface tension term. 
The poorer prediction of the jet profile in the case g < 1 is 
probably due to the predominance of two-dimensional effects over a 
wider range of the jet column as seen in the photograph in Figure 11a, 
It is worth reminding the reader that the theoretical models all 
neglect two-dimensional effects, hence, it is expected that where 
such effects are significant. the theoretical predictions would be 
more likely to be in error. 
The reader must also be aware of the following facts; 1) if the 
flow rate is too small, and especially in the face of high surface 
tension effects, the jet may break up into drops or the fluids may peel 
away from the orifice walls rather than form a jet. Thus, care must 
be taken in the use of the analytical models developed above to ensure 
that the flow being theoretically modelled is actually capable of being 
generated, 2) Further extensive testing of these solutions is required 
so that their range of applicability with appropriate expected errors 
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can be established. Such an investigation was not the goal of this 
research. 
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Figure  I4a. plane jet in stagnation flow (Dxdj  =  .414 cm x 4,14 cm) 
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A:; CHÎ? 
Figure 14b. Folding of a plane unstable Jet 
I) A three-dimensional view 
II) Side view III) Front view (Dscdi = 0.414 cm x 4.14 cm) 
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V. THE UNSTABLE FLOW 
A, The Buckling Process 
As shown in Figure 1, the stable flow ceases to exist when the 
plate-orifice distance reaches some critical value. The fluid column 
first starts to oscillate as a result of the disturbance of the jet 
column inherent in moving the plate or from other natural disturbances. 
If, as shown in Figure 3, the plate is not at the critical distance, 
the oscillations soon die out and the column remains stable. 
If, however, the plate-orifice distance is fairly close to the 
critical value, the oscillations take longer and longer to die out as 
we get nearer and nearer to the buckling point, until at the exact 
point of instability, they become, apparently, self-sustaining and 
the column or the lower parts of it will continue to oscillate at 
some fixed frequency so long as other parameters such as flow rate 
and plate-orifice distance remain fixed. The nature of some typical 
coils formed after buckling has already been discussed (Figures 7 and 8). 
The plane jet, which behaves similarly, does not coil but instead folds 
sinusoidallyJ also at a constant frequency (Figure 14). 
It is also observed that, before buckling occurs, a disturbance 
of any section of the jet affects all parts of the jet, however, after 
buckling, a disturbance of the base of the jet where the coiling or 
folding is taking place does not appear to be transmitted upstream. 
This is shown in Figuras 3 and 4 which are taken from motion pictures 
taken of the various flow situations. 
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B. Results and Discussions 
The results are presented graphically (Figures 17-24) with important 
physically distinct regimes of flow depicted in the photographs (Figures 
1 and 14). 
The basic flow is seen to be pure stagnation jet flow if the plate 
is fairly close to the orifice. This type of flow Is maintained until 
the critical distance is reached. It is at this critical plate distance, 
that the first spontaneous oscillations are observed. They may start 
for the axisymmetric jet as purely sinusoidal two-dimensional waves fold­
ing rather than coiling (although they may also start coiling immediately) 
but quickly turn into helical coils of fixed frequency (Figure 7), the 
direction of rotation of the colls being either clockwise or counter­
clockwise with no preferred direction discernible. The plane jet is 
always observed in the folding mode when it becomes unstable. 
The frequency of these colls generally tends to Increase with 
plats distance, II, although there is a short ulàEàiice over which in 
some instances (small jet diameter, high flow rate) the rate of spin 
decreases with H before increasing again (Figure 5), In this region, 
the rate and type of spin for the axisymmetric jet seems rather random 
with a mixture of two-dimensional sinusoidal waves and helical coils 
of apparently different frequencies existing simultaneously. 
The buckling height for axisymmetric jets shows a slight increase 
with flow rate and a fairly significant one with increases In orifice 
diameter (Figure 6). A hysteresis effect is observed with the buckling 
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height being different for the two cases of the plate moving away from 
the orifice (buckling begins) or moving towards it (buckling stops). 
In the latter case, the spinning continues for a short distance past 
the original point of buckling, resulting in consistently lower values 
of Except for the data of Figure 6, all the data presented in this 
report are based on measurements obtained with the plate moving away 
from the orifice (from a stable to an unstable configuration). 
This general behavior is maintained with increasing fluid flow 
rate until at values of the Reynolds number (based on jet diameter and 
fluid velocity at orifice) that are on the order of 0.1 to 1.0, the 
helical oscillations for the axisymmetric jet begin to disappear and 
are replaced by two-dimensional sinusoidal folding of the jet column 
(Figure 8), The plane jet is always observed in the folding mode. 
Further increases in the jet flow rate corresponding to Reynolds numbers 
of around 1.24 for the axisymmetric jet cause the oscillations to disap­
pear altogether. This is the critical Reynolds number and beyond this 
value the jet returns to stagnation flow at all plate distances from 
the jet exit. For the plane jet, the critical Reynolds number based 
on d^ averages about 0.56. 
Due to limitations on the size of our equipment, the maximum plate 
distance to orifice diameter ratio, H/d, used was around 150, Presumably 
as this ratio gets larger and larger, surface tension would begin to 
play a significant role resulting in the well-studied probler.i of jet 
break up into drops. However, with the flow rates, viscosity and 
distances used in this experiment, jet break up was not observed. 
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The coiling or folding frequency may become very large in some 
instances. For example, frequencies as high as 10,000 rpm were ob­
served for the axisymmetric jet, with a 5500 cs silicone oil and an 
orifice diameter of 0.114 cm (.045 in.) at a distance equivalent to 133 
orifice diameters from the exit (Figure 5). Frequencies of similar 
magnitude were observed for the smaller plane jets. 
The height and character of the coiled fluid varies considerably 
with jet characteristics and plate distance. It ought to be pointed 
out that while this study required a flat plate to facilitate the measure­
ment of distances, the coiling or folding effect can be produced by any 
object that is intruded into the mainstream of the jet if its distance 
from the orifice is greater than the critical distance needed for 
buckling. 
It is significant that most previous fluid instabilities involving 
viscous fluids have been associated with high Reynolds numbers. This 
particular instability is a low (<<1) Reynolds number phenomenon. In 
fact, as indicated above, the instability disappears and the jet assumes 
a stable stagnation flow profile if the Reynolds number becomes large 
enough. In all cases tested, this critical Reynolds number for the 
axisymmetric jet was found to be approximately 1.24. Above this value, 
the jet will not buckle for any height H. For the plane jet, the criti­
cal Reynolds number is around 0.56. 
It is also important (especially in light of the theory developed 
later on in Chapter VII) that it be established that the instabilities 
discussed so far can occur independently of gravity. Figure 15 shows 
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Figure 15. Coiling of a jet in the horizontal plane—(10,000 cs silicone 
oil floating on water surface)--demonstrates coiling in the 
absence of gravity. ORIFICE DIAMETER = 0.17 cm 
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fluid buckling in the case of a horizontal jet of silicone oil floating 
on the surface of a container of water. The flow is not driven by 
gravity, but the jet can still oscillate. 
Buckling can occur for all types of interesting geometries, like 
its counterpart in solid mechanics. Figure 16 shows buckling for the 
case of a high viscosity fluid flowing through an X-shaped slit. 
1. The axisymmetric jet 
The results of our experimental study of buckling of an axisymmetric 
jet are shown in Figures 17a-g and 18-21. 
Figures 17-19 are the graphical representation of the dimensionless 
parameters identified in Chapter III.C., Equation 6. Figures 17a-g 
buckling heights. 
Figure 19 is constructed specifically to indicate the range of 
Reynolds numbers over which the experiments could be carried out, in 
order to emphasize the Reynolds number effect at higher flow rates. 
The Reynolds number is based on orifice fluid velocity and orifice 
diameter and was so defined because it is more in line with Che con­
ventional definitions of Reynolds number. Thus, this parameter is 
different from the one used in Chapter III.C. which was defined so as 
to reflect more local velocity effects by reflecting fluid acceleration 
due to gravity. 
detail individual relationships between the parameters ^  and for 
a fixed value of . 
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Figure 16. Stagnation flow of an X-shaped 
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Figure 16 (a) Stagnation flow of an X-shaped jet (2.5 cm x 2.5 cm) 
(b) Buckling of an X-shaped jet 
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There is, of course, a lower limit on the flow rate (Reynolds number) 
for the experiment. This was discussed earlier and has to do with the 
need for some minimum fluid flow rate to ensure that a jet is produced. 
The buckling height; It is clear from Figures 17a-g that the param­
eters identified in Chapter III are the appropriate ones for the buckling 
height. The following general characteristics can be inferred from the 
results: 
1) The dependence of the dimensionless buckling height, H^/d, on 
the two other parameters and ^ 4) is not very strong, although it is 
discernible. Over a range of 0.01-10,000 for the parameter, ^  varies 
between 2 to 30 while has values varying between 6.33 x 10 ^ to 1.77. 
Thus, varies over an order of magnitude while varies over six orders 
of magnitude and ^ 2 varies over three orders of magnitude. Thus, it 
may be said that surface tension appears to be the more significant factor 
in fluid buckling. 
2) It is obvious that, at the very low flow rates especially, surface 
tension can make a significant change in the non-dimensional buckling 
height (see Figure 17a for example). This is particularly so if the ori­
fice diameter is quite small. On the contrary, at larger diameters (lower 
values of ^ ^g) the effect of surface tension is almost negligible to the 
point where there is hardly any difference in the graphical relationships 
(Figure Ig), 
Figure 19 emphasizes the fact that the point beyond which the jet 
y 
does not buckle regardless of the value of — coincides roughly with the 
point at which the Reynolds number term (^^j) is about 1.0. The average 
61 
10,000 
1000 
100 
10 
10 
, 01  
' / y '  
y 
yd' 
g 
yd'^  
a 
t7 
yd" 
g 
yd^ 
g 
yd^ 
g 
yd^ 
g 
yd^ 
= 1.77 
= 0.59 
= 0.23 
= 5.64 X 10' 
= 2.54 X 10' 
= 1.43 X 10' 
= 6.33 X 10' 
•  NO BUCKLING 
BEYOND 
THIS POINT 
0.001 
t i l l  m i l  1 .  I  1 1  i m i  I  I  I  1 1 1  I I I  I I I mill i i i i mil 
100 0.01 0.1 1 10 
Re (REYNOLDS' NUMBER) ^^/rrvd .,,0 40 . 
F i g u r e  1 9 .  D a t a  p o i n t s  ( a x i  s y m m e t r i c  b u c k l i n g )  s h o w n  i n  i j j : ^ )  
yd 
p l a n e  i n d i c a t i n g  u p p e r  a n d  l o w e r  l i m i t s  o n  t h e  f l o w  
R e y n o l d s  n u m b e r  f o r  w h i c h  j e t  b u c k l e s .  
62 
value of this critical Reynolds number was actually 1.24. All the other 
points simply represent data points in the plane and the figure 
is not meant to have any significance aside from establishing the upper 
and lower boundaries within which the experiment could be performed. 
Thus, Figure 19 tends to indicate the "thumbprint" region of the 
plane for which the buckling of a jet against a flat plate 
is obtained. For greater than about 1.24, the jet does not buckle 
while the lower limit of the region indicates the approximate boundary 
for which it is not possible to maintain a jet (it either drips from the 
orifice or pulls away from the sides of the orifice). 
Figures 20a-z depict the relationship derived in Chapter III.C. 
Equation 4, and is the non-dimensional plot of the coiling or spin rate 
as a function of other fluid and geometric parameters. 
As discussed earlier, the fluid first buckles at some plate-orifice 
distance and as a consequence of this instability, the fluid stream, or 
parts of it, begins to oscillate. Generally, the oscillation is helical 
from the start, but some (in most cases for the large diameter jets) 
have been observed to swing back and forth more like a pendulum. In 
any case, the only mode observed as the plate is moved away from the 
buckling point is the helical mode. There is, however, a tendency under 
some circumstances for the return of the oscillations to a mix of helical 
and folding patterns at some plate location a few diameters downstream 
of the buckling point. This rather random pattern does not occur all 
the time or with all flow conditions, but is generally observed for small 
diameter, low flow rates and high surface tension and viscosities. 
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Figure 20a. The rate of spin of a buckled axisymmetric 
jeî as a function of flow variables 
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Figure 20b. I he rate of spin of a buckled axisymmetric 
jet as a function of flow variables 
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Figure 20c. The rate of spin of a buckled axlsymmetr!c 
jet as a function of flow variables 
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Figure 20d. The rate of spin of a buckled axisymmetric 
jet as a function of flow variables 
67 
10 
w(d/g) 1/2  
0.1 
I  I  I  I  
.930 Yd* 
.600 
0.330 
J I !  M I I 
10 
= 1.43 X 10"^ 
Yd^ 
^ = 0.20 
J  I  i  1 : 1 1 1  
100 
H 
d 
Figure 20e. The rate of spin of a buckled a%lsymmetric 
jet as a function of flow variables 
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Figure 20f. The rate of spin of a buckled axisymmetric 
jet as a function of flow variables 
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Figure 20h. The rate of spin of a buckled axlsymmetrlc 
jet as a function of flow variables 
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jet as a function of flow variables 
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Figure 20j. The rate of spin of a buckled axisymmetric 
jet as a function of flow variables 
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Figure 20k. The rate of spin of a buckled axisymmetric 
jet as a function of flow variables 
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Figure 201. The rate of spin of a buckled axlsymmetric 
jet as a function of flow variables 
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Figure 20m. The rate of spin of a buckled axîsymmetric 
jet as a function of flow variables 
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Figure 20n. The rate of spin of a buckled axlsymmetrîc 
jet as a function of flow variables 
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Figure 20p. The rate of spin of a buckled axisymmetric 
let as a function of flow variables 
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Figure 20q. The rate of spin of a buckled axisymmetric 
jet as a function of flow variables 
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Figure 20r. The rate of spin of a buckled axlsymmetric 
îst as 3 function of flow variables 
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Figure 20s. The rate of spin of a buckled axisymmetric 
jet as a f u n c t i o n  o f  f l e w  variables 
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Figure 20t. The rate of spin of a buckled axisymmetric 
jet as a function of flow variables 
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Figure 20u. The rate of spin of a buckled axisymmetric 
jet as a function of flow variables 
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Figure 20v. The rate of spin of a buckled axîsymmetrîc 
jet as a function of flow variables 
85 
100 
= 0.23 
= 0.314 
en 
3 
0.123 
100 
H 11
d 
Figure 20w. The rate of spin of a buckled ax I symmetric 
jet as a function of flow variables 
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Figure 2Ox. The rate of spin of a buckled axisymmetric 
jet as a function of flow variables 
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Figure 20y. The rate of spin of a buckled axisymmetric 
jet as a function of flow variables 
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It tends to coincide, when it occurs, with the turning points on the 
graphs of Figure 20. In Figure 5, for example, it was observed in the 
region marked by the dashed lines. It was not a very frequent occurrence 
and, furthermore, it was difficult to measure the frequencies because 
of the randomness of the oscillations. 
As the plate is moved further downstream of the orifice, the oscil­
lations return in all cases, for the axisymmetric jet, to the helical 
mode. 
As Figure 20 indicates, there is a general pattern to the behavior 
of these oscillations and the dimensional plot of Figure 5 clearly shows 
that aside from the peculiarities observed at lower values of H, the 
spin rate generally increases with orifice-plate distance. The graphs 
in several instances display a "cross-over" effect such that for any 
two different values of ^ 4, the spin rate is higher for the larger ^ 1+ 
H H 
at low values of and lower at higher values of however, the sensi­
t i v i t y  o f  t h e  s p i n  r a t e  t o  f l u i d  f l o w  r a t e  a t  f a i r l y  l a r g e  v a l u e s  o f  —  
does not appear to be very significant. 
figure 21, which is a composite of Figures 20a-u, shows the effect 
of surface tension and viscous effects on the nature of the spin rate 
values. 
Decreasing viscosity generally tends to increase the region over 
which straight line relationships exist and de-emphasizes the initial 
y 
peaks and valleys found at slightly larger values of -j. It is suspected 
that low viscosities generally would cause a more nearly one-dimensional 
flow pattern, thus resulting in a pattern of behavior that is more 
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consistently uniform than those that would be observed in a flow that 
could be at times two-dimensional and, thua, is forced to display either 
character depending upon the geometrical and flow condition to which it 
is subjected. 
This argument is further supported by the behavior of the graphs 
when the surface tension effects are taken into account. The same effects 
described earlier (longer straight line portions of the graphs) are ob­
served as the effect of surface tension is reduced. Clearly, as the 
analysis of Chapter IV.A. indicates, the effect of surface tension is 
felt if there is a significant change in jet diameter and curvature. 
In the absence of any such changes, the surface tension effects would 
disappear. But those are precisely the conditions that exist if the 
flow displays significant two-dimensional effects. Thus, it can be 
postulated that high viscous and surface tension effects generally would 
emphasize the two dimensional aspects of the flow and would result in 
less uniform behavior of the coiling parameters. 
Figures 20w-z are additional results that were obtained but which 
are not part of the composite. Figure :11. 
2. The plane jet 
The graphs of Figures 22a-c for plane jets display a buckling 
behavior that is generally similar to those of the axisymmetric jet and 
the same general comments hold here as well. It should be noted that 
slit sizes were restrained by the fact that the holes which had to be 
rectangular were being cut out of a 5 cm diameter steel cap. Hence, less 
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extensive investigations could be carried out here as compared with the 
axisymmetric jet, but it was hoped that the general behavioral trends 
would become obvious. 
Figure 23 is a composite of the buckling heights for all the data 
obtained from both the axisymmetric and plane jet experiments for one sur­
face tension parameter, ^^2 ~ 0.59. Clearly, it indicates that the buck­
ling height is not significantly affected by flow geometry. Different slit 
length to width ratios are involved and the different symbols indicate 
the lack of sensitivity to the ^  ratios. For the axisymmetric jet, % 
°1 °1 
may be deemed to be equal to 1.0. 
Figures 24a-r give the folding rate representation discussed earlier 
in Chapter III.C., Equation 10. Again, the characteristics of the graphs 
are similar to those of the axisymmetric jet, however, unlike its counter­
part for the buckling heights, similar (i.e. same data from 
the axisymmetric jet and the plane jet do not coincide when a superposi­
tion is attempted. Thus, it can be inferred that while the buckling 
heights themselves may not be very sensitive to geometry, the consequent 
oscillation rates are influenced significantly by the flow configuration. 
Since the plane jet always folds, there was none of the mixed oscil­
lations discussed above for the axisymmetric jet. If, however, the plane 
jet is allowed to become small enough in terms of its width and length, 
either because the flow rate is small enough or the plate is far enough 
away, the folding may stop and coiling may begin. 
Minimum flow rates were maintained to ensure that the folding behav­
ior was obtained throughout the range of our experiments. As with the 
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axisymmetric jet, all oscillations stopped at some Reynolds number (based 
on orifice fluid velocity and orifice width). For the experiments con­
ducted, this critical Reynolds number averaged 0.56. Above this value, 
the flow returned to the stable stagnation flow similar to that shown in 
Figure 14a. 
The spin rate data between slits of different D/d^ ratios appear to 
not differ much if comparisons are made for the same values of other 
non-dimensional parameters, thus, further re-inforcing the notion that 
the folding rate would be independent of the slit length, when, as in 
our case, flow rates/unit length are used in the analysis. 
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VI. ON THE DISCONTINUITIES ASSOCIATED 
WITH FLUID BUCKLING 
A. The Equations for Transverse Oscillatory 
Motion of a Viscous Fluid Jet 
We consider the oscillatory motion of a thin stream of viscous 
fluid. Following the approach of Zaiser (29) for the moving solid 
threadline, we consider the element of the jet shown in Figure 25. 
The net force in the y-direction is F^. Neglecting shear stresses 
on the cross-sectional faces of the jet, we have: 
Fy = TsinGg - TsinG^, (83) 
where T is the normal force along the jet. 
For the small oscillations as considered here, 
sine» = tan0„ = (-^) 
^ X + dx 
and sinG^ = tan8^ = (-^) . (84) 
X 
Therefore, F = (T% - (T% . (85) 
y X + dx X 
Using Taylor's expansion (T-|^) = (T-^) ^ (86) 
X + dx X X 
if we neglect terms of O(Ax^). Thus, upon substitution into Equation 
85, we obtain 
(87) 
Let the mass/unit length of the fluid stream be m. Then the total mass 
of the element shown with length ds is M = mds, where 
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ds = (1 + (|^ )^ )^ dx. (88) 
Thus, M = mdx (1 + (89) 
Let the velocity of the element in the y-direction be denoted by v^, 
then Newton's second law for motion in the y-direction can be written as 
(1 + J - 3|(l|^ )dx, (90) 
where t is time and ^ ( ) is the total derivative. 
Thus, m (1 + (|2)^)'^  - ^ (T|2). (91) 
Similarly for the x-direction, this becomes 
m (1+ (H)^)"^  f + mS(l + (92) 
The velocity of the element consists of the velocity of transportation, 
v, and the velocity due to vibration, 
Thus, the total velocity has components v and v . The velocity of 
" y 
transportation is assumed to be the fluid velocity and is always along 
the jet. Then, 
Vy = "1^  + vsinG, (93) 
where 0 is the angle at the mass center of the element. Likewise, 
v^ = VCOS0, (94) 
so that Vy = '2^' + v^tanG, (95) 
but tan0 = and cos0 = 1/(1 + (96) 
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Combining Equation 96 with 95 gives 
''y ° I? • (97) 
dv 5v ^ 9v 
Since v = v (x,t), it follows that ^ ^  or since 
y y ut ox ut dt 
= v^ , the acceleration in the transverse direction can be written as 
dv 3v 9v 
dî^  " 'x • (98) 
Thus, the equation of motion in the y-direction becomes 
(99) 
dv 9v 9v 
Also, since âT "x âf + âT ' "•'"') 
the equation of motion in the x-direction becomes 
"(: + (#)')''(^x ^ ^ ) = 8|(^/(^ + (|^)')'') 
+ mgCl + 1^)2)''^. (101) 
For small oscillations, = 0. Thus, Equation 99 reduces to 
- # + f (1«) 
If we assume that v^ - v(x) only, using = 0, then Equation 101 
gives mv^ = -|^ + mg which can be used to reduce Equation 102 to 
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+ ""'I? + + • (103) 
Thus, the transverse oscillations of a thin one-dimensional fluid jet are 
governed by the following equation: 
(T - mv^)^ - 2tnv|^ - m|^ - mg|^ = 0. (104) 
This second order linear partial differential equation has charac­
teristics whose slopes in the (t,x) plane are (|)^ g» where 
. -mv t (m'v' + m(I - mv'))'' (105) 
1, z 1 — mv 
- *1.2 = 1 
If we set c = c(x) = (—)^ for T > 0. (107) 
m 
Then, = - c + v  * 2  "  ( 1 0 8 a )  
so that in the (x,t) plane, the slopes of the characteristics are 
m* = v ± c. (108b) 
Equation 101 can. be used along vith the constitutive equation relating 
T to the motion, v. Equation 31, to derive the governing equations for the 
axial velocity in the jet. The derivations shown earlier on in this work 
(see Chapter IV) follow that of Matovich and Pearson (18) which led 
to Equation 36. 
Observations of the buckling jet indicate that the jet diameter 
decreases from the orifice down to the region of the oscillations and 
then increases from there on downstream. Thus, it is expected that T > 0 
in the region a - b and T < 0 in the region c - d (Figure 27) since the 
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decreasing diameter implies that the velocity gradients are positive in 
a - b, while the Increasing diameter suggests negative velocity gradients. 
Equation 31 can easily be used to determine that the values of T will 
be as indicated. 
From Equation 106 it is clear that if T > 0, the equations govern­
ing transverse oscillations of the jet column will be hyperbolic and 
that they will be elliptic if T < 0. At the point T = 0, the equations 
are parabolic. 
It would appear then that, based purely on this one-dimensional 
analysis, it can be inferred that an oscillating fluid jet that under­
goes a transition from a hyperbolic mode of normal force distribution 
to one that is elliptic has the potential to display a "shock-type" 
behavior in analogy with that of supersonic-subsonic flow, where a super­
sonic (hyperbolic) flow may become subsonic (elliptic) by means of a 
shock (discontinuity). Clearly, the necessary conditions for the exist­
ence of a discontinuity if the flow is considered two-dimensional or 
even three-dimensional may differ from that stated above; however, it 
is reasonable to expect that multi-dimensional models of the flow and 
of the oscillations would display properties similar to those found 
for the one-dimensional model. 
Far from the jet orifice and away from the plate, the flow is almost 
one-dimensional and it is hoped that a model or thé oscillations of the 
jet column based on the concept of a discontinuity in the fluid stream 
will yield useful results. 
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Further justification of the concept of a discontinuity in the 
fluid stream is provided by the work of Swope and Ames (30) for the 
vibrations of a string that moves along its axis with speed v and is 
constrained by two guiding eyelets a distance L apart as shown in 
Figure 26c. One eyelet is stationary and the other oscillates sinus-
oidally with prescribed frequency and amplitude. The solutions to the 
governing equation of the moving threadline, which is the same as the 
governing equation for the fluid stream, show that the character of 
the oscillations caused by an imposed initial disturbance of the strings 
depends strongly on the velocity ratio v/c, where c is the character­
istic wave speed (dependent on the tension in the string and its mass 
density). 
For values of v/c near unity, the motion of the string near the 
moving eyelet (analogous to the oscillatory motion of that part of the 
fluid jet just upstream of the bulbous base) becomes quite complex with 
large gradients in the displacements occurring as shown in Figure 26d. 
Both the jet and the string are constrained from transverse motion at 
the upstream end but may move at the downstream end. Clearly, the 
transverse oscillations of the jet may be much more complex than that 
of the string due to the fact that its velocity, diameter and tension 
vary along its length. The basic idea of large gradients and the pos­
sibility of "catastrophic" consequences, or a discontinuity if v -»• c 
seem reasonable. Swope and Ames (30) have shown that when v c, there 
is only one direction in which disturbances can be propagated, and this 
is downstream. 
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Figure  26a.  V iscous  f lu id  je t  showing  "d iscont inu i ty ' '  i n  s tagnat ion  f low 
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Figure 26b. Thin viscous jet with "discontinuity" 
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Observation of the oscillating jet (Figure 4) indicates that the 
violent oscillations that are occurring near the plate are not transmitted 
upstream beyond some point on the jet. The theory of Ames et al. and 
experiments conducted by the writer (see Appendix A) suggest that this 
point is synonymous with the point at which v = c, that is, the fluid 
velocity equals the velocity with which the transverse disturbances can 
be propagated upstream at this particular point. Thus, not only may 
there be a discontinuity in the fluid as a result of this equality of 
the fluid axial velocity and the wave velocity, but the point at which 
this happens may be visually identified. Thus, it is reasonable to 
make a model of the jet based on the concept of a discontinuity in the 
flow in order to study the conditions across the discontinuity. The 
actual "shock" or discontinuity, in analogy with supersonic flow, is 
expected to be, in general, downstream of this "sonic" point, at the 
point where T = 0, the point of separation between the hyperbolic and 
elliptic zones. 
It is further suggested in this thesis (Chapter VII) that deeper 
insight into the fluid buckling problem and other more general fluid 
stability problems might be gained by studying the effect of a time-
dependent normal force T on the oscillation equation. It is shown in 
that section of this thesis that this approach appears to have signifi­
cant merit. 
In the next few sections, however, we will study the nature of 
the discontinuity chat is observed (Figures 26a and 26b) when the fluid 
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jets are in stagnation flow. The one-dimensional model relies heavily 
on the ideas advanced above. 
B. The Conditions Across the Discontinuity 
Based on the theory that a change in the governing transverse oscil­
lation equations for the jet column from a hyperbolic to an elliptic 
mode could be accompanied by a discontinuity, we make a model of the 
fluid in unstable stagnation flow as shown in Figure 27 and seek the 
conditions under which two solutions to the continuity, momentum and 
energy equations, could exist simultaneously. As in other similar 
phenomena, such as shocks in gases and hydraulic jump in open channel 
flows, we postulate the existence of these two solutions and expect 
that there could exist a smooth transition of the flow, but that it 
may be unstable. 
From the continuity relations, along with momentum and energy con­
siderations applied to the control volume shown in Figure 27, we obtain 
the following equations; 
From continuity, v^A^ = ^ 2^2' (109) 
where v and A are velocities and flow cross-sectional areas 
correspondingly. 
From momentum considerations, - OgAg = pAgVgCvg - v^), (110) 
where p is the fluid density assumed constant. Finally, conservation 
of energy implies that 
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(111) 
where h^ is the loss associated with the jump or discontinuity. Based 
on the discussion above, T is assumed to be zero on the upper boundary 
of the discontinuity, hence, the momentum equation gives 
^2 = PVgCvi - Vg) 
and the energy equation reduces to 
In analogy with other flow situations, we assume that the head loss 
can be written in terms of the change in velocity head, that is 
where a is an unknown coefficient. It is shown further on that other 
models of h^ will not satisfy the necessary conditions discussed below. 
The relationship v^ = v^ and Og = 0 must be a solution to these equa­
tions if the hypothesis advanced earlier is correct. That is, there 
must exist a solution consistent with a smooth transition from the hyper­
bolic region to the elliptic one. There must, however, exist a second 
solution. This approach is similar to the Rankine-Hugoniot approach 
to the analysis of flow across a shock in a compressible gas. Using 
this relationship for h^. Equation 112 gives us the relationship; 
= hçi^2 *^ 2 
By combining these momentum and energy relations we obtain 
= pVgCv^ - Vg). (112) 
= hpa(v^^ - v,2). (113) 
- 2 
2 (114) 
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or (1 - a) - (1 - a)n^ = 2n - Zrf, (115) 
^2 
where 1 = — is the velocity ratio across the discontinuity. Thus, 
(1 + a)n^ - 2n + (1 - a) = 0. (116) 
This equation has two solutions: 
1 = 1  ( 1 1 7 )  
indicating that there is no discontinuity, and 
n = (118) 
which for a > 0, indicates the presence of a discontinuity. From the 
energy equation and substituting for h^, we obtain 
f!2 
pvi 
2 = (1 - a)(l - n^). (119a) 
Since it is observed that the area increases across the jump, it follows 
that 
0 < Vj < Vj 
Thus, 0 ^  n < 1. Across the jump, the fluid goes into compression; 
that is, the normal force is a compressive one, therefore 
20^ 
and since a > 0 for a positive head loss across the jump, the fol­
lowing constraint on a is demanded: 
0 1 % < 1. (119b) 
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From Equation 119 and using Equation 118, 
Q - • '"»> 
Other possible expressions for the head loss across the disconti­
nuity are discussed below. 
1) For example with 
h^ = - Vg)^, (121) 
the energy and momentum equations imply that 
- a(v^ - (122) 
Thus, in terms of ri(=;jj—)» 
(1 - a)n= + (2a - 2)n + (1 - a) = 0 (123) 
a n d  , , 2 - 2 a ± / 4 t o - i r - 4 ( l -a)- a;,) 
- 1. (125) 
This double root of r| = 1 implies that there can be no jump. thus, this 
form of the head loss is not possible. 
2) Other expressions, such as 
h^ = gOg (126) 
or h^ = Bcg + %pa(v^^ - Vg^), (127) 
give the same head loss equation as in Equation 113. 
3) Head losses which are quadratic in alone or alone, do 
not allow for the "no-jump" solution, = 0 and = v^. Hence, it 
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is concluded that the head loss representation as shown in Equation 113 
is an appropriate one. The actual value of a remains unknown at this 
stage but was determined experimentally (see Chapter VI.D.). 
C. Calculation of the Frequency of Spin, w 
Consider a length of some section of the jet column as shown in 
Figure 28. Near the point T = 0, fluid velocity is Vj^; thus, in some 
time interval At, the length of the column that would need to be coiled 
up on the stack across the discontinuity is & = v^At. 
In the same time interval, N coils are laid down. Thus, 
2TTR^N = v^At, (128) 
where R = radius of coil. Therefore, 
c 
v, 
At 
= 0) 
ZttR 
(129a) 
Vr 1 — a = /l+a.%. Now, — = -r—r— and from continuity d» = (-: ) d^ 
v^ 1 +a ' 2 1 - a 1 
*^2 ^1 
As seen from Figure 28, — = R^ + y-
so that R, = ^  r = «Hi»'' -
and, therefore, to = Vj^/iTdi((^ ^ ^)'^ - 1). 
In terms of flow rate Q, 
U) = 4Q/(n2di3((l-:-2)% - D) 
(129b) 
(130) 
(131) 
(132) 
(133) 
Henc^ for a given flow rate, since d^ decreases with H, w is expected to 
increase with H. If the flow is assumed to be inviscid (admittedly 
133 
Figure 28: Model of the coi l ing region. 
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an unrealistic assumption for the types of flow discussed in this thesis), 
then from Figure 27, using the Bernoulli equation, 
V : 1^: 
^ 2i 
so that if it follows that = (2gH) . 
We may use this expression and conservation of mass to eliminate 
dj^ in Equation 133 to show that, in the inviscid limit, the coiling 
frequency would be proportional to H to the three-fourth power. That is, 
3/4 
w = H ' (133a) 
If on the other hand, we assume a flow that is dominated by viscous 
effects and gravity, then for large H, the portion of the jet column 
upstream of the discontinuity may be approximated by the semi-infinite 
jet viscous-gravity solution. Equation 60a, which when rewritten in 
dimensional form becomes 
d 
"l = _ .23^. ' 
^ d 
o 
If we substitute this into Equation 133, we see that the coiling 
frequency is proportional to That is, 
0) - (133b) 
Thus, it is expected that the slopes of the w vs H curves would be, for 
large H. between 3/4 and 3 when plotted as ws have on log-log paper. 
As Figure 21 shows, this appears to be the case. 
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D. Experimental Determination of the Head Loss 
Coefficient a 
Using the same equipment described in previous sections, the jet 
diameters before and after the discontinuity in the case of the axi-
symmetric jet were measured using a graduated travelling microscope. 
This was done for different flow rates, Q, jet diameters of 0.317 cm 
and 1.27 cm, fluid viscosities of 5500 cs and 10,000 cs and at varying 
plate-orifice distances. 
From Equation 129b 
where R is the ratio of diameters. Thus, 
R: - 1 
For the plane jet, a similar analysis based on the thickness of 
the jet before and after buckling, and t^, respectively, gives 
^ m é s  #  /  4  *  *  / « x  
a = U - t^/tgJ/ii 1- Ci/C2/' 
Similar experiments were carried out to determine a for the plane 
jet. Figures 29a-d show the values of a obtained for the axisymmetric 
jet while Figures 30a and 30b show those obtained for the plane jet. 
The results obtained indicate the a is fairly constant and inde­
pendent of flow conditions. For both the axisymmetric jet and the plane 
jet, the loss coefficient was found to be between 0.70 to 0.78 for dif­
ferent flow rates, viscosities and plate distances» The fact that a f 0 
implies that there is an energy loss across the discontinuity. This is 
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determined values of a 
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similar to the fact that there is an energy loss across a hydraulic 
jump in open channel flow. A theoretical evaluation of a would perhaps 
require a detailed analysis of the complex flow across the assumed 
discontinuity. Another possibility is that a may be a fluid property 
similar to k, the ratio of specific heats, for example, in gases, and 
might be found through detailed thermodynamic considerations of the 
flow on a molecular level. 
The values of a obtained in the experiments discussed in this sec­
tion will be used below to model an axisymmetric jet that has a discon­
tinuity in it. 
The shape of the jet will be predicted using the viscous-gravity 
model developed earlier. It was shown then that under some circumstances, 
there is hardly any difference between the complete numerical solution 
of the one-dimensional equations and the solution of the viscous-gravity 
jet, while both differ only marginally from the actual flow profile. 
In the development that follows, and referring to Figure 31, 
is the orifice radius, 
x^ is the distance from orifice to the discontinuity, 
K Is the distance from the discontinuity downwards, and 
H is the distance from the orifice to an imaginary plate location 
which results in the jet profile upstream of the discontinuity. 
E. The "Viscous-Gravity" Jet With a Discontinuity 
Consider a viscous-gravity jet with 
ao = 0=317 cm (1/8"), 
Vq = 8.32 cm/s (0.273 ft/s), 
143 
11  — 
F igu re  3 i :  .Model for analysis of viscous-gravity jet with 
a "Jump." 
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Q = 2.64 cm^/s (9.32 x 10 ® ft^/s), 
V = 10,000 cs (0.108 ft^/s), and 
p = 0.972 gm/cm^ (1.9 slug/ft^). 
Then from Equation 43, = 6vv^/ga^^ = 50.7 so that K = 7.13. Let 
K = K at the orifice, then K =7.13. The dimensional form of the 
o o 
viscous-gravity jet solution where d^ is the initial diameter at the 
orifice is 
2x 
a = a^cos c^/cos(^ ^  cos c^ + c^) from Equation 81; 
o o 
2H 
also ^ ^  cos Cg + Cg = n/2 from Equation 82; 
o o 
hence, = (n/2 + c_): 
K 
d 2 2cos c-
o L 
ÎÎ — 
and for c^ = -1.1, = 21 or H = 0.437 ft = 13.32 cm. 
o 
Also, 
a' = a cos c, cos ^(7%- cos c^ + c^)sin(-j^f- cos c^ + c^), 
00 00 
2cos c_ 
• (134) 
where ( ) ' is ^ ( ). 
For a jet with no significant surface tension effects, T = 0 corresponds 
to v' = 0 or a' =0. 
2 -c-d-K 
Thus, T = 0 at , ^ cos c_ + c_ = 0, so that = 0.180 ft 
<]  K 2  i  1 2cos c_ 
00 2 
= 5.49 cm. 
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Also, the initial jet slope is given by a^' = a'|^_Q = sin c^/K^. 
Hence, for 0 x £ 0.180 ft (5.49 cm) 
a = 0.00472/cos(6.12x - 1.1) ft 
(135) 
= 0.144/cos(0.20x - 1.1) cm, 
and the radius at station (1) is given by a|^_ = 0.00472 ft 
= 0.14 cm. Thus, the jet diameter at station (1) is 
dj^ = 0.00944 ft = 0.288 cm. 
Now we assume that there is a jump at station (1) such that the ratio 
of velocities across the jump is given by 
_ 1 - g 
v^ . 1 + a 
Then, as before, the normal compressive stress at station (2) is 
^2 = - a)(l -
from Equation 117 where a is an unknown constant, 0 ^  a ^  1. Assume 
a = 3/4 (from experimental data for 10.000 cs silicone oil), then 
Vj^ = 7^2, but from continuity 
d 2 
V = V (z—) = 0.189 ft/s = 5.76 cm/s. 
Z O 6 
Thus, Vj^ = 1.32 ft/s = 40.23 cm/s so that the value of (based on 
conditions at station (2) is given by = 24.3 or Kg =.4.93. Also, 
a2 = .405 lb/ft'. 
dvg 
Since (for negligible surface tension, a), for the value 
of y obtained from the data above. 
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dvg 
-— = -0.659/s = v„' 
dx 2 
-av' 
and continuity implies that a' = 
-a_v„' sin c_* 
Thus, a^' = " 0-0218 = , (136) 
where (*) refers to conditions at station (2). Since equals 4.93, 
it follows that 
c^* = 6.17° or 0.108 rad. 
We can plot the shape of the jet after the jump from the resulting 
equation 
= 0.0124/cos(16.Ix + 0.108) ft 
or a^ = 0.38/cos(0.53x + 0.108) cm. 
(137) 
Other profiles that could exist for different values of a are shown in 
Figure 32. 
In reality, only one of these solutions does exist and allows us 
to rind the experimentally determined value of a for a given set of 
flow conditions. 
Ideally, it would be preferable to use a theoretically derived 
value of a in the analysis shown above, so that comparisons can be made 
between the actual flow profile and the theoretically deduced one. In 
the absence of such a value for a, any comparisons would be meaning­
less since the value of a that would be used in the calculations would 
have been obtained from the experimentally determined profile. The 
exercise shown above, therefore, is simply to establish the technique 
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a, ft 
2 -
Figure 32: A viscous-gravity jet with discontinuit ies for 
various values of a. 
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for modelling such flows if a ever became available independently of the 
experiment itself. 
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VII. SOME ANALYTIC SOLUTIONS TO THE OSCILLATION EQUATIONS 
A. Constant Axial Force Fluid Jet 
It has been pointed out in Chapter V.A. that the character of the 
equations governing the transverse oscillations of a fluid column. Equa­
tion 104, depends strongly on the sign of T, the axial force in the 
column. 
An attempt will now be made to determine the conditions under which 
T might be positive or negative and constant. The analysis which fol­
lows will also assume that m, the mass/unit length of the jet, and v, 
the axial velocity, are also constants. 
Recall that for a one-dimensional viscous jet, the axial tensile 
force is given by Equation 31: 
We consider a flow in which T is assumed constant so that T = T . Then 
o 
To - 3^^  (i; + 3^ 2;) (138) 
ïâ;' - • 
4To 2a dv 
Thus, if = 0, then ^  = 0 and v would be a constant regardless 
of the value of the fluid viscosity y. 
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This condition is easily satisfied if T^ > 0 so that, because of 
surface tension, the jet is in tension throughout. Clearly the value 
of the jet diameter is seen to be 
2T 
4. - Sir . (139) 
a constant. Therefore, for an incompressible fluid, m is also a 
constant. Thus, the condition of T, m, v all being constant appears 
to be attainable. 
If we let T =0, then 
o 
For large viscosity fluids, the right hand side may be quite small so 
that 
a; - -=1' (142) 
where is very small. For very small values of the axial velocity 
is approximately a constant, and since 
= (143) 
we may solve for the jet diameter d^ to obtain the equation 
• (144) 
The value of d^ is also approximately constant and, hence, this 
would imply that m is also approximately constant. Thus, it Is possible 
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that situations such that = 0 could arise within the jet under the 
appropriate circumstances. 
The conditions under which T < 0 will now be determined. We set 
o 
= -B (145) 
so that B > 0. If we assume that is constant, then B is constant. 
Using Equation 31 and solving for the velocity gradient along the 
jet, we obtain the following: 
3%-^:-I;-
Here, too, as in the case = 0, for large viscosity fluids, it is then 
possible to have = 0 so that v is nearly a constant. Let 
3: - -Ez' (14») 
then ^ (149) 
Multiplying through by d^ and rearranging the terms, we can show that 
SpE^nd** - 2wad* - 4B = 0. (151) 
Thus, using the quadratic formula 
(4ïï^cf^ + 48nBpG 
and for positive values of d*, 
152 
(4ïï^a^ + ASïïBije^)^ 
(153) 
which is a constant. 
Thus it can be said that, while it is relatively easy to obtain a 
constant diameter, constant axial velocity jet with constant tension 
(T^ > 0) with most fluids, a similar condition for a jet with constant 
compression (T^ < 0) requires a mechanism for producing negative velocity 
gradients, preferably in the presence of high viscosities. 
It might be possible to achieve a state of negative axial forces 
in other physical situations. In a countercurrent flow of two immiscible 
fluids, for example, it might be possible to achieve negative velocity 
gradients of sufficient magnitude to produce negative normal forces or 
stresses in the interior fluid, if external shear at the interface is 
significant. This shear would tend to slow down the fluid, thus produc­
ing these "compressive" axial forces. 
In a cocurrent flow, on the other hand, the shear force acting 
at the interface would be more likely to accelerate the fluid, result­
ing, therefore, in the likelihood of the existence of positive velocity 
gradients and, therefore, positive (tensile) axial forces. Thus, a 
jet in cocurrent flow might be expected to display behavior similar to 
other jets that have tensile normal forces acting within them. 
We have established that under the appropriate conditions, compres­
sive normal forces can exist in the fluid and, furthermore, we have 
determined the conditions (limited though they may be) under which these 
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forces could be constant. If we neglect body forces in Equation 104, 
we obtain 
(T - inv2)|^ - 2mv|^ - m|^ = 0. (154) 
We will now consider solutions to this equation for the conditions 
T < 0, constant, 
m = constant, and (155) 
V = constant. 
We assume that 
y(x,t) = (j)(t)X(x) and, furthermore, that X(x) = e^*. (156) 
Then substitution into Equation 154 gives 
(T - mv^)X^4) - 2mvX$ - m& = 0, (157) 
where ( ) is differentiation with respect to time. 
We let ^  = -c^. (158) 
Then, + 2vX^ + (v^X^ + c^X^)(p = 0« (159) 
Using Laplace transfoms, where g(s) = e ^^(p(t)dt, we can rewrite 
Equation 159 as follows: 
s^g(s) - scJ)(o) - T^(o) + 2vX(sg(s) - ())(o)) + (v^X* + c^X^)» 
g(s) = 0. (160) 
Let X#(o) = A, 'j^(o) = B, and 2vA + B = M*. (161) 
^ ^ M* + sA 
Then, g(s) = + 2vXs + v^X^ + c^X^ ' (1^2) 
M* 4-
thus, S(s) - (a + (163) 
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The inverse transform is easily obtained (31): 
(l'(t) = ^ (e ^ ^^sincXt) + -^((v^X^ + ^^*'sin(cXt + ijj)), (164) 
where i{j = tan ^ (—^) . Thus, (165) 
y(x,t) = ^  eX(x-vt)g^^2^^ + ^(v^ + c^)^e^^*~^'^^sin(cAt + Y). (166) 
A.X 
Thus, for an exponential space dependence (e ), there exists a solution 
to the transverse oscillation equation for the case T < 0. 
We may obtain a second set of solutions by setting 
y(x,t) = e^"^f(x), (167) 
where w is a constant and i = and if we rewrite Equation 154 so 
that T = -T*, then 
(T*+ + 2nw|^ + = 0. (168) 
Substituting Equation 167 into Equation 168, we obtain 
(T*+ mv^)f" + i(2vwm)f' - mw^f = 0. (169a) 
f(x) 'V. e^*, (169b) 
then (T*+ mv^)X^ + (i(2vmw))A - mw^ = 0 (170) 
so that we can solve for A: 
X = (-ivwm ± (T*mw2)^)/(T* + mv^) . (171) 
Thus, A = iA^ ± Aj., where A^ = -vwm/(T*+ mv^) and 
A^ = (T*mw^)^/(T* + mv^) 
(172)  
so that we may write 
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iwt (-X; + iAi)x 
y(x,t) = e (A^e + A^e ) (173) 
For yl^^Q = 0, (174) 
so that there is no displacement at the orifice, we can show that 
0 = A^ + Ag and, therefore, A^ = -A^, (175) 
and substituting into Equation 173 we obtain: 
y . (176, 
i(X.x + wt) X X - A x  
or y = A^e (e ^  - e ^ ) (177) 
If we wish to satisfy a condition implying that the end of the jet at the 
plate is stationary also, then 
' 0 (178) 
and, therefore, 
i(X H + wt) AH -AH 
0=e ^ (e^-e^). (179) 
1(X H + wt) 
Thus, either e =0, (180) 
which cannot be, or 
2A H 
e f = 1, (181) 
which also cannot be unless A = 0 or H = 0. 
r 
Thus, there can be no oscillatory solution with y = 0 at x = 0 and 
X = H if the normal axial force is a compressive one. 
Instead of keeping both ends of the jet fixed, we will assume a 
more realistic model that allows for sinusoidal oscillations of the jet 
at the plate. Thus we consider 
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I iwt ^ ^ (182) 
^'x=H " " constant 
with y = + iy^, (183) 
we can show that 
sinh X X 
y^(x,t) = y^ sinh x^H(cos(X^H)cos(X^x + wt) + sin(X^H), 
r 
sinCX^x + wt)) (184) 
and 
sinh X X 
y^(x,t) = y^ sinh (X^H)sin(X^x + wt) - sin(X^H). 
cosCX^x + wt)). (185) 
Thus, for constant "compression" throughout the jet with v and d^ con­
stants, with the jet free to oscillate at the end on the plate (similar 
to what happens in reality (see Figure 3)), we would have for 
y = y^coswt at x = H, 
sinhX X 
y(X't) - 5-0 î5ihfH=°=<''l" - '•l" - (186) 
r 
where X^ and X^ are as shown in Equation 172. 
This solution, Equation 186, along with Equation 166, indicates 
that the old adage, "You can't push on a string" does not hold if the 
"string" is a fluid stream. It is important to point out that, because 
strings cannot be considered ever to be in "compression," the behavior 
of the wave equation for T < 0 has not received much attention in the 
literature. The opposite case of the string being in tension (T > 0) has 
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however, been studied extensively. Notable among the literature on these 
types of problems for a moving string (v ^  0) are the works by Swope and 
Ames (30) and that of Miranker (32). The reader is referred to these 
papers for detailed discussions of the linearized wave equation for the 
case T > 0. The thesis of Zaiser (29) discusses the non-linear case 
(large amplitude motion). 
When the jet is displaced from its equilibrium position, it is 
expected that the change in geometry would result in other changes such 
as those in velocity gradients and jet diameters, leading to a change 
in the value of the normal force T. Other two-dimensional effects such 
as the interaction of the moving lower end of the jet with the fluid on 
the plate (see Figure 3) may also change the value of T. If the jet, 
therefore, for whatever reason, begins to oscillate, it can be expected 
that the normal force distribution within the jet would vary with time. 
We will now make a simple model of this behavior in order to ascertain 
the impact of this time-dependent change in T on the stability of the 
oscillation equation. 
B. The Time-Dependent, Spatially Independent Axial 
Force Fluid Jet 
If we neglect convective effects, then from Equation 97, 
9y , ^ 
Vy - âf + V, â: 
and if v is relatively small so that it is of the same order as , 
X dx 
Chen 
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1) v* §2 = and 
2) V : = 0(^ )^  
Thus, using these relations in the linearized oscillation equation, 
Equation 103, we ob'tain, neglecting body forces, 
(187a) 
which is the oscillation equation without connective effects. T is the 
normal axial force and is assumed positive if it is tensile. To model 
the time dependency, we let 
T = T^ + T^cosGt (187b) 
where 0 is frequency, T^ is constant, and T^ is also constant. 
We will consider two separate initial displacement conditions. 
We will assume in the first case that 
y(x,t) = y^(t)e^*, (188) 
X real: Then, substitution into the simplified version of Equation 103 
results in the following; 
X^(T^ + T^cos8t)y^(t)e^* - my^"(t)e^* = 0 so that 
T A' 
y^(t)" —(1 + Y'^°s8t)y^(t) = 0 
T A-
Let —-— = n, ^ and •=^ = -2p*. 
m A i 
o 
Then y^" + (l-2ij*cos0t)y^ = 0. 
(189) 
(190a) 
(190b) 
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This is the Mathieu equation. If a more general and probably more 
realistic time dependence is specified so that 
T = To + T^$(t), 
where $(t) is periodic of period x* so that 
$(t + T*) = 0(t), 
we obtain the Hill equation. 
y^" + 0^2(1 - 2y*$(t))y^ = 0. 
xXx 
If we assume that y(x,t) = y^(t)e , 
then using Equation 187a, 
-A^(T + T cos9t)y^(t)e^^* - my\"(t)e^^* = 0 
O C A  A  
and y^" + ^ ^^(l - 2p*cos8t)y^ = 0, 
where Q. 
T 
a = ^  ^ 
o 
(191) 
(192) 
(193a) 
(193b) 
We will now consider the case of a fluid stream that is basically in 
compression, thus 
T = -T^ + T^coset, (194) 
where > 0. Then again using Equation 188 with Equation 187a: 
X^(-T + T cos8t)y^(t)e^* - my^"(t)e^* = 0 
O C A  A  
T T 
or y^"(t) -r (1 - Y~cos0t)y^(t) = 0, 
o 
(195) 
(196) 
and for 
T 
o 
m 
and — = 2y*, we have 
y^"(t) + n^2(l - 2y*cos8t)y^(t) = 0. (197) 
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If we use Equation 192 with Equation 187a and with Equation 194, we 
obtain 
-X^(-T^ + T^cos8t)y^(t)e^^* - my^"(t)e^^* = 0 (198) 
T T 
or y^"(t) ^^(1 - Y" coset)y^(t) = 0, (199) 
o 
T T 
and for and 2y* = — , (200 
o 
Equation 199 becomes 
y^"(t) + 0^%l-2u*cos8t)y^(t) = 0. (201) 
Equations 190b, 193a, 193b, and 201 are all Mathieu-type equations. 
These equations are well-known for their stability characteristics and 
the details concerning those aspects of these equations will not be 
reproduced here. They are extensively treated in the book by McLachlan 
(33) for example. 
Bolotin (34) discusses in some detail the behavior of similar equa­
tions obtained from the considerations of the stability of elastic media. 
We will follow closely, his general method of analysis without reproducing 
the details here. For a complete discussion, the reader is referred to 
that book. 
Bolotin discusses the stability of the model equation 
^ 4= (X - h'eos2x)f = 0. (202) 
However, to avoid confusion with the symbols of this thesis, we will 
change X to X^. It is also noted that x here represents, simply, the 
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independent variable in the Mathieu equation and is not the same x used 
at other parts of this thesis. In our formulation of the Mathieu equa­
tion, the parameter "x" in Equation 202 is "equivalent" to t in our 
equations. 
Figure 33, reproduced from Bolotin's work (34), indicates the 
regions of stability of the model Mathieu equation. The shaded regions 
are regions in which unbounded (unstable) solutions of Equation 202 
exist and as Bolotin points out, these occupy a considerable part of 
the plane of the parameters. Furthermore, he points out that the sta­
bility of a Mathieu-type equation can be determined by the location of 
the point corresponding to and h^ on Figure 33. The location of 
that point would indicate whether a disturbance of the forms specified 
above would grow unboundedly or decrease with time. 
Clearly, we have made several simplifying assumptions in the analysis 
so far. It is our hope that by understanding these simple models the 
behavior of more complex fluid flow situations might perhaps be better 
understood. 
We now determine the stability characteristics of our equation (187a) 
by the use of Figure 33. From Figure 33, the following results are 
obtained: 
a) Jets (or other fluid streams) that are basically in "tension": 
1) y e^^ 
T 
From Equation 130, = t and X, . This point 
" 1 m 
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Figure 33: Distribution of the regions of dynamic instability 
of the Mathieu equation (202). 
(Reproduced from (34)) 
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lies in the second quadrant and thus has a high probability 
of being unstable. 
2) y 'b e^^* 
T 
From Equation 193b, h^ = —•—, X = ——, which lies in 
m 1 m 
the fourth quadrant and thus may or may not be stable. 
Note that if = 0 so that h^ = 0, this condition is stable. 
This corresponds to the classical vibrating string problem, 
b) Jets (or fluid streams) that are basically in "compression"; 
1) y '\ j  e^^ 
From Equation 197, h^ = and X- = ——. The correspond-
m ± m 
ing point lies in the first quadrant and may or may not be 
stable. Here also, if T^ - 0, stability is most likely. 
2) y ~ 
-Tt T X^ 
From Equation 200, h^ = and X. — for which the 
ni 1 m 
corresponding point lies in the third quadrant, thus sta­
bility is most unlikely. 
We can apply the results obtained above to the specific case of 
the stagnating fluid jet. As shown earlier (Chapter VII), the high 
fluid viscosities in conjunction with the negative velocity gradients 
tend to produce a negative normal force distribution in the jet, so that 
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at the very least, those portions of the jet near the plate experience 
a compressive normal force. Therefore, those parts of the jet may be 
described as being basically in "compression." It was also shown 
(Chapter VII) that only oscillations of the jet that allow the free end 
to move freely are allowed by the governing equations. Therefore, the 
oscillations of the jet column, if disturbed, are more likely to be 
modelled with an x-dependence y e^, rather than by y e^^. This 
is clearly shown to be so in Figure 3. Thus, the oscillations of such 
a column have the inherent ability to be or not to be stable. 
Bolotin (34) also demonstrates that for this form of the Mathieu 
equation, there is a relationship between the frequency of the external 
vibrations 0 and the natural frequency for free vibrations of the jet 
or fluid stream, near which the formation of unboundedly increasing 
vibrations is possible. This relationship is given by 
7.ÇI 
9* = (203a) 
T 
where k = 1, 2, 3, ..., and since in our case 9.^= ——, it implies that 
T 
e* = -^ (-^ )^ , (203b) 
where k = 1, 2, 3 Bolotin (34) defines the regions specified by 
this relationship, Equation 203b, the regions of dynamic instability. 
He further demonstrates that the region of dynamic instability situated 
near k = 1 is the most dangerous, and he calls the condition 
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e* = 2X(-^ )^ , (k = 1). (203c) 
the principal region of dynamic instability. 
Thus, it is possible to postulate, based on these simple models, 
that instability in a fluid jet flowing against a flat surface is a pos­
sibility and that when it occurs, it might occur at some fixed frequency. 
It is possible to apply these arguments to other fluid systems, 
especially those that are fairly one-dimensional. Based on the foregoing, 
it appears that a sinusoidally varying oscillation of the type described 
by y ^  e , if such an oscillation is in a fluid medium that is experi­
encing a "compressive" normal force, is very likely to lead to instability 
along the lines of the foregoing discussions. Since the corresponding 
point lies in the second quadrant of Figure 33, such systems have a high 
probability of becoming unstable, regardless of the value of T^. Note 
that the point corresponding to this same type of displacement for the 
jet in tension lies in the fourth quadrant; thus, a fluid stream that 
is sinusoidally disturbed, but which is experiencing normal tensile 
forces, will generally be stable for reasonable values of T^. Of course, 
the stability of all systems decrease rapidly as gets excessively 
high. 
So far, in all the discussions leading up to this point, the effect 
of fluid velocity has been neglected. In the following, account will 
be taken of the fluid velocity so that its impact on the stability condi­
tions can be assessed. For mathematical simplicity, only the initial 
displacement of the form y e will be considered. As stated earlier, 
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this is a good model for the displacements of the oscillating jet 
column (Figure 3). 
The influence of fluid velocity on the regions of dynamic insta­
bility; From Equation 104, neglecting body forces but including convec-
tive effects, results in the following equation for transverse oscilla­
tions of the jet: 
(T - mv2)|^  - 2mv|^  - m|^  = 0. 
We will now assume that the basic axial normal force (T^) is compressive 
and independent of x and that m and v are both constant. Furthermore, 
as the result of an initial displacement from its equilibrium position, 
we assume again that the normal force in the jet changes with time such 
that 
T = -T^  + T^ coset, > 0. (204) 
is also constant. Then substituting for T in the oscillation equation, 
we have 
(-To + T^cosGt - - 2mv|^^^ - m^^^ = 0. (205) 
T T 
Let y(x,t) = e^^y^(t). (207) 
Then Equation 206 reduces to 
T T 
(—— + —cos0t - v^)X^y, - 2vXy, ' - y\" = 0 (208) 
n i  i n  A A A  
so that 
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y^" + 2vXy^' + -^(1 - ^  cos0t + = 0, 
T T 
Thus setting 0.^ = —— and 2y* = — , 
A m 
o 
we obtain 
y^" + 2vXy^' + O^^l + ^  2y*cos0t)y^ = 0. 
(209) 
(210) 
(211) 
Here again, we follow the approach of Bolotin (34) in the analysis 
of such an equation: 
(212) Let y^(t) = u(t)c(t). 
Then substituting Equation 212 into Equation 211, we obtain 
2 
u"c + 2u'(c' + vXc) + 0^(1 + + 2p*cos8t)uc + uc" 
o 
+ 2vXuc' = 0 
and by requiring the coefficient of u' to vanish, we obtain: 
2 
u"c + 0,2(1 + ^  2ia*cos9t)uc + uc" + 2vXuc' = 0 
o 
and c' + vXc = 0. 
Equation 215a can be easily solved: 
c(t) = Ce"V^\ (215b) 
where C is a constant. Since v is positive, it is seen that c(t) is a 
damping-type term. Substitution of Equation 215b in Equation 214 gives 
u" 4- n^Al - 2p*eos0c)u = 0. (215c) 
Thus, the critical frequency 0,* is not affected by the presence of 
the velocity term so that 
(213) 
(214) 
(215a) 
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20, 
9,* = , k = 1, 2, 3, (216a) 
and the principal region of dynamic instability (k = 1) is given by 
9,* = in, 
'V A 
T 
or 8,* = . (216b) 
Thus, based on the one-dimensional model, the critical frequencies, 
the frequencies at which the spontaneous oscillations are likely to occur, 
would be expected to be fairly Independent of flow rate of the fluid. 
Figure 21 indicates that at large values of H/d, the critical frequency 
parameter (w(d/g)^) appears not to be too sensitive to the flow rate 
parameter (liQ/yd**). Furthermore, the sensitivity of the frequency term 
to the flow rate at lower values of plate-orifice distance tends to 
confirm the notion that below some value of H, multi-dimensional effects 
become quite important in some cases. 
It is clear that Equation 215c is also a Mathieu-type equation 
and, therefore, would exhibit Che same type of stability characteristics 
as exist for the undamped (no velocity) equations. 
From the results of the above analysis, it appears that the exist­
ence of a fluid velocity results in a damping effect on any instabilities 
that might exist. If the conditions are appropriate for the growth of 
instabilities, it can be inferred that their unbounded growth might 
be halted by the exponential decay term in Equation 215b, Thus, it 
is possible that these two effects (unbounded growth of instabilities 
and exponential decay of the displacements) could cancel each other out 
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at some point, resulting in some form of secondary stability, character­
ized by oscillations of the fluid stream at some frequency. Our experi­
ments on fluid buckling tended to show this. In other words, after the 
fluid buckles, the oscillations do not grow infinitely, but peak at some 
intermediate level. 
In the following chapter, we consider various other flow situations 
and indicate how the ideas developed for the buckled fluid jet might be 
generalized. 
The disturbances that exist in a fluid medium are assumed to be 
sinusoidal in nature so that the conclusions drawn on the previous pages 
with regard to disturbances of the form y e^^* will be applied to the 
general fluid systems considered. In other words, fluid systems that 
are in "compression" and which are subjected to disturbances will be 
deemed to be prime candidates for instability. 
It is to be noted that the presence of the velocity terms in the 
equation governing the oscillations of the fluid column does not affect 
the stability characteristics deduced in the previous sections as is 
shown below. 
Let y(x,t) = y^(t)e^^* in the equation 
the oscillation equation, then if we consider a fluid stream that is 
basically in "compression," we may write 
T = - + T^coset 
as before. 
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Thus, substituting into the oscillation equation above, we obtain: 
2\^2 
-(-T^  + T^ cosQt - mv )X y^ (t) - 2mviXy^ '(t) - my^ "(t) = 0 
Dividing through by m and rearranging, this equation becomes 
T 2 T 
y^"(t) + 2ivXy^'(t) ^A^(l +~ - ;^os0t)y^(t) = 0. 
(216c) 
T 
If we let = —~— 
A m 
then 
and 2y* ,  
(216d) 
(216e) 
y^"(t) + 2ivXy^'Ct) + O^^Cl + rav^/T^ - 2y*coset)y^(t) = 0. (216f) 
Again we let y^(t) = u(t)c(t) and using the same techniques as before, 
it can be shown that 
c(t) = c*e"l^^t (216g) 
where c* is a constant and 
(216h) 
which again is a Mathieu-type equation. Note that the velocity term 
in Equation 216g plays a role different from the damping role in the case 
X X 
where y e discussed in the preceding sections. 
Referring to Figure 33 again, it is clear that the situation indi­
cated by Equation 216h is likely to be unstable. 
Thus, the conclusion that fluid streams that are in "compression" 
u" + n^^(l - 2y*cos9t)u = 0 
are likely to be unstable. 
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VIII. APPLICATIONS TO OTHER OBSERVED PHENOMENA 
A. The Experiments of Freeman and Tavlarides (15) 
In Appendix B, we reproduce a paper by Freeman and Tavlarides (15) 
titled: "Observations of the instabilities of a round jet and the effect 
of cocurrent flow." These experiments showed that a fluid jet flowing 
through another fluid could become unstable if the two fluids were not 
flowing cocurrently, and that the cocurrent flow was always stable. It 
has been shown in the theory discussed earlier (Chapter VII) that sta­
bility in a fluid stream is enhanced if the normal axial forces, T, 
acting on the stream are tensile and instability is more likely to result 
for the opposite case. 
Clearly, the cocurrent flow would tend to increase T by ensuring 
that the shear stresses at the interface between the two fluids are 
favorable, thus decreasing the possibility of the fluid stream decelerat­
ing due to frictional effects. Since positive n>vrmal axial forces are 
enhanced by positive velocity gradients in the direction of flow and 
negative axial normal forces are encouraged by negative velocity gradi­
ents, Che opposite case of counter flow which generates unfavorable 
shear stresses at the interface would tend to encourage these negative 
velocity gradients, resulting in negative normal axial forces. Thus, 
it is expected, based on the theory developed earlier that the cocurrent 
flow would tend to be stable while the counter current flow would be 
more likely to be unstable. 
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It is interesting to observe that in their experiments. Freeman and 
Tavlarldes reported observing helical oscillations of the Inner fluid 
stream at some points, while other flow oscillations were axisymmetric. 
As discussed in the preceding sections, we also observed helical oscil­
lations in the unstable buckled jet. 
The equations derived in Chapter VI for the transverse oscillations 
of a fluid jet could form the basis for the study of this Freeman-
Tavlarldes phenomenon. Presumably, the mass per unit length term, m, 
would have to be modified by the Inclusion of an apparent (or added) 
mass effect to take account of the fact that the oscillations are taking 
place in a liquid medium rather than in a small density fluid medium 
such as air. 
B. Applications to Other Fluid Stability Problems 
From the theory developed in Chapters VI and VII, the role of the 
behavior of the axial normal force (or stress) in determining the be­
havior of the oscillations that are set up in a fluid stream as a re­
sult of external disturbances can be summed up as follows; 
1) These oscillations are more likely to grow if T < 0 (elliptic 
region) than if T > 0 (hyperbolic region). 
2) In analogy with other phenomena such as shocks in gases, it 
is expected that the transition of the fluid stream from a region of 
hyperbolically governed oscillations to elllptlcally governed ones might 
not be a smooth one. It has been shown (Chapter Vl) that these diacon-
tinulties are more likely to exist between the hyperbolic (T > 0) region 
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and the elliptic (T < 0) one if the local fluid velocity equals (or 
possibly exceeds) the local speed with which the oscillatory waves travel. 
It has been shown that in such a situation, these disturbances can only 
be propagated downstream because of the nature of the slopes of the 
characteristics of the oscillation equation (v ± c) from Equation 108. 
It has also been suggested in the preceding section that the 
Freeman-Tavlarides phenomenon is explainable by considerations of the 
behavior of the normal axial forces. The fact that, in our experiments 
with fluid buckling, the instability was observed only at low values 
of the flow Reynolds' number might tend to suggest that fluid buckling is 
a low Reynolds' number phenomenon and, therefore, any conclusions reached 
from studying such buckling should not ordinarily have any bearing on 
instabilities that exist at higher Reynolds' numbers. In fact, the 
Freeman-Tavlarides experiments were carried out at Reynolds' numbers 
that were in the hundreds. 
In reality, the mechanism that causes the instability is the same. 
In our experiments, as the flow Reynolds' number increases, the region 
of negative velocity gradients, the existence of which is essential for 
instability, gets confined to a small region near the plate until at 
higher and higher flow rates, this region of the flow is simply too 
small and so close to the plate that its behavior cannot be predicted 
or governed by simple one-dimensional models of the flow. Thus, the 
region is so closely confined to the region near the plate that oscil­
lations may simply not be possible. 
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In the Freeman-Tavlarides experiments, however, high inner jet 
Reynolds numbers can be attained, and the oscillations would still occur 
because these higher flow rates would result in higher shear stresses 
at the interface between the two fluids that could still result in 
overall negative normal axial forces, for the counterflow situation, 
in the inner jet. Thus, the "buckling" could still take place even 
at these higher Reynolds numbers because the mechanism for producing 
negative axial normal forces is not swamped by the high flow rates. In 
short, the phenomenon that we studied is a low Reynolds' number phenomenon 
only because the physics of flow against a flat plate requires those 
low Reynolds numbers in order for the mechanism for producing insta­
bility to exist. 
Thus, it appears that there may be grounds for extending this approach 
to the study of other fluid stability problems, an approach based on the 
behavior of the displacement oscillation equations for transverse vibra­
tions of a fluid stream. Clearly, most such problems are far too compli­
cated to be fully explained by our one-dimensional theory. However, by 
showing that an approach to fluid stability based on the behavior of the 
equations for transverse displacement can lead to consistency in the 
explanation of why certain fluid systems are stable while others are not, 
it is hoped that the basis would then have been established for a more 
detailed, multi-dimensional approach to fluid stability based on this 
concept. The following are examples of fluid instability that appear 
to be explainable by the preceding considerations^ 
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1. The rising cigarette smoke (35) 
It is observed that in a very quiescent environment, the smoke 
from a lighted cigarette wiggles and then becomes "turbulent" after 
rising smoothly for some distance above the tip of the cigarette. This 
would appear to be a gaseous variation of the Freeman-Tavlarides 
phenomenon. In this case, the forces of buoyancy force the smoke to 
rise through the air. Again, as with the experiments cited above, shear 
stresses acting on the interface between the two fluids would cause the 
normal force along it to become compressive at some point, "buckling" 
of the column would result and the mixing motion observed would appear 
to be the equivalent of the oscillations of a "compressed" fluid column 
subject to disturbances. Clearly, a rising column of hot air in a still 
room would behave similarly, but the color of the smoke allows the 
"turbulence" to be observed and the point of transition defined. 
2. The Bernard problem 
Consider the stationary horizontal fluid layer depicted in Figure 
34. In Figure 34a, the hot top end of the fluid element would want to 
rise as it gets heated, while the cold bottom end would want to fall. 
Hence, there is established in that configuration, a "stretching" effect 
on the fluid element so that the net axial force is likely to be tensile. 
This is expected, from the foregoing analysis, to encourage stability 
and, in fact, this type of situation is generally stable. 
On the contrary, in Figure 34b, the situation is reversed. The top 
part of the element would want to fall, while the bottom part would want 
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to rise, a situation conducive to the generation of a net "compressive" 
axial force, and, thus, a likely candidate for instability. In the 
Bernard problem, this situation has indeed been identified as generally 
unstable. It takes a certain amount of "compressiveness" to make the 
flow unstable. That is, for a given physical system, there is a critical 
temperature difference required to initiate the instability. 
3. Taylor vortices (Figures 35a and 35b) 
It is generally accepted that flow between two rotating concentric 
cylinders is stable if only the outer cylinder is rotating but may become 
unstable if it is only the inner cylinder which is rotating. If the 
forces along the radial direction on the fluid element between the cylin­
ders are considered, it becomes apparent that with the outer cylinder 
rotating, there is a tensile centrifugal force on the element which 
according to the above theory would tend to make it stable. In the case 
of the inner cylinder rotating, there is a net compressive centrifugal 
load cn the fluid element and this would ermàncè instability. As in 
the Bernard problem, there is a critical "compressive" load (angular 
velocity) that must be reached before the flow becomes unstable. 
4. The role of the pressure gradient in the stability of fluid flows 
For a Newtonian fluid, the normal stress in the axial direction is 
given by 
x^x = -P + (217) 
where v is the velocity in the x-direction and p is the thermodynamic 
pressure. Thus, besides the velocity gradient, any factors that increase 
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or decrease the absolute value of the local pressure would have the 
effect of making the axial stress more or less negative. Thus, a de­
crease in the local pressure, neglecting the behavior of the velocity 
gradient, is likely to lead to more positive values of and, thus, 
is expected to enhance stability. Increases in the absolute value of 
the local pressure^ on the other hand, could generally lead to more "com­
pressive" axial stress situations and, thus, possible instability. 
This destabilizing effect of adverse pressure has been well-
understood for some time now, but it appears not to have been appreciated 
as part of the overall role of the axial stress (or force) in the main­
tenance of stability in fluid systems. 
Clearly, if > 0, we may define a local oscillatory wave speed 
c^ = o^^/p in analogy with the moving threadline equations and our own 
equations for the viscous fluid column. In a multi-dimensional situa­
tion, this wave velocity may take other forms. However, based on one-
dimensional analysis, it would appear that, as shown in Chapter VI, 
serious discontinuities could exist between any oscillatory parts of 
a fluid stream for which T < 0, and any parts for which T > 0 if the 
local fluid velocity approaches (or worse yet, exceeds) the local oscil­
latory speed for transverse vibrations of the fluid stream. The possible 
implications for such a situation on the nature of any subsequent insta­
bilities in the flow will now be discussed. 
So far, in all of the examples cited above, it has been the insta­
bility that results from a "compressive" normal force situation that 
has seemed to be important. However, as stated earlier, if a fluid stream 
179 
undergoes a transition from a hyperbolic (T > 0) mode of oscillation 
to an elliptic (T < 0) mode with v = c in between, it is expected that, 
not only will the oscillations tend to become unstable in the T < 0 
region, but that the transition may not be a smooth one. Thus, such 
fluids may be expected to experience a "shock-type" behavior followed 
by the growth of oscillations downstream of this discontinuity. 
Could it be that this "shock" in the flow would result in a more 
violent type of behavior downstream than in the case where there is no 
such discontinuity? Note that in problems like those of Bernard and 
the Taylor vortices, there is initially a condition of no flow. Thus, 
the axial stresses are only those of pressure and the initial axial 
stress situation is a negative one. Depending on the particular flow 
process, this situation is further encouraged, leading finally to insta­
bility, or is discouraged by the imposition of conditions leading to 
positive axial stresses and stability is enhanced. Thus, in all such 
cases, the fluid is either already in a state of compression which is 
further enhanced by the flow, thus becoming unstable or is encouraged 
to remain stable. In all these cases, there is no transition from a 
positive normal stress situation to a negative one (except possibly in 
the case of the cigarette smoke). All these cases are known to lead 
to what has been classified as laminar instability: an instability 
accompanied by the transition to another smooth and regular laminar 
motion of the fluid particles. 
Not all instabilities result in this type of motion and it appears 
that regions of transition from a hyperbolic to an elliptic condition 
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could be found to exist in these other types of unstable flows. The 
irregularities (turbulence) in the subsequent motions may be the result 
of the "shock" experienced by the fluid. 
Consider the following examples. 
5. The convergent-divergent section 
In Figure 36, fluid element a is being stretched, thus it is experi­
encing an increase in the normal force along it. It is, therefore, ex­
pected not only to be stable, but could go into the throat region with 
a net positive axial force in it. In the diverging section, the decelera­
tion downstream of the throat could cause a net negative axial force 
along the fluid element. Thus, in going from region a to region b, it 
would be going from a "hyperbolic" region to an "elliptic" one. In the 
region that is hyperbolic, the axial stresses (normal) are expected to 
be tensile and to be compressive in the elliptic region. Thus, generally, 
based on the discussions in this thesis, the former state would generally 
be a region stable to fluid discurbancês ând LÎiê latter EU unstablê Oliê. 
Whether these disturbances actually grow or not probably depends on the 
magnitude of the disturbances and other parameters of the flow, such as 
the velocity gradients. It is postulated, however, that if in addition 
to the existence of conditions favorable to the growth of these oscilla­
tions in the downstream sections of the throat, the local fluid velocity 
equals or exceeds the local oscillatory wave speeds, then the conditions 
for the discontinuity discussed above would exist and the subsequent 
"shock" will result in discontinuities in the oscillations in the fluid 
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with "violent" (or at least non-smooth) transition between the two 
regions. As with gases, there may be equivalent phenomena such as 
reflected "shocks," oblique "shocks," etc. further addding to the con­
fusion downstream. This may be the explanation for turbulence as dis­
tinct from laminar instability. 
6. The instability of an emergent gas stream 
Garside et al. (36) conducted experiments on the behavior of an 
emergent gas stream. The photographs shown in Figure 37a, are repro­
duced from their report. Figure 37b is a sketch of part of Figure 37a, 
photograph 2. In photograph 2, the intermediate stage in the develop­
ment of the turbulence shown in photograph 4 is quite evident. It is 
clear that at Section a-a in Figure 37b, the velocity gradient in the 
direction of flow is zero since it is a "throat," thus, from Equation 
217, it is clear that at some point downstream of section a-a, but 
presumably not too far from it, O would be zero. At the throat itself, 
XX 
a  < 0 ,  T h u s ,  t î i ê ï e  c o u l d  e x i s t  s i m u l t a n e o u s l y  a  s e c t i o n  o n  w h i c h  a  
XX •' XX 
is positive followed by regions of zero and negative axial normal 
stresses. Because of the existence of other normal and shear stresses, 
the behavior of the gas stream might not exactly coincide with that 
projected above; however, it is expected that > 0 in the general 
region upstream of the throat, that = 0 somewhere around the region 
of the throat but certainly downstream of the > 0 region and that 
< 0 downstream of the throat. 
The following sequence of events in line with the hypothesis 
offered in this thesis is suggested. 
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( a )  
( b )  
F i q u r e  3 7 " .  " S c h l i e r e n "  p h o t o g r a p h s  o f  a  s t a r t i n g  f r e e  j t i  
( f r o m  G a r s i d e ,  J .  E .  e t  a  I .  ( 3 6 ) )  
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The region upstream of section a-a is expected to be generally 
stable, this stable region extending downstream to some section around 
the "throat" region. If as a result of the acceleration that the fluid 
experiences, the fluid velocity equals (or exceeds) the local speed with 
which transverse oscillations in the fluid can be propagated upstream, 
then conditions for the existence of discontinuities downstream would 
exist. The discontinuities would actually form if further downstream 
there is a region of negative axial stresses < 0). Such a condition 
could exist downstream of the "throat" in the diverging section of the 
gas stream where the velocity gradients could be negative. Thus, a 
discontinuity (of the type observable in photograph 2 of the series) 
could form downstream of the throat. Beyond this discontinuity, < 0 
and any oscillations in the fluid could be expected to grow with time, 
their unbounded growth leading to the turbulence in photographs 3 and 4. 
Since < 0 immediately across the discontinuity, the velocity 
gradient in the downstream direction is generally expected to be very 
small or possibly negative depending on the value of across the 
"jump." 
If the velocity gradient turns out to be negative just across the 
discontinuity, any slow moving particles of fluid, that is, those near 
the interface, may actually be forced to reverse their flow direction. 
Such behavior appears to be substantiated by the backward flowing spirale 
seen in photograph 2. 
It must be emphasized that it is expected that the actual physical 
processes going on in the flows discussed above and those that follow 
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are far more complicated than these simple explanations make them 
appear, but it is suggested that these one-dimensional explanations 
when extended to the multi-dimensional state, would help present a 
clearer picture of the fluid instability process. 
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IX. EXTENSION TO THE GENERAL PROBLEM OF 
FLUID STABILITY 
It is suggested then that, at least for the cases where the fluid 
flow of interest can be considered one-dimensional and with only one 
relevant normal force component along the axial direction, stability 
might be successfully investigated by the concepts advanced above, that 
is, by recourse to the stability characteristics of the governing dis­
placement equations for transverse oscillations. For the multi­
dimensional cases, it should be possible to study the stability of the 
oscillation equations that result from a model of the general behavior 
of continua when subjected to arbitrary, multi-dimensional displacement 
from equilibrium. 
Such an approach would differ from previous attempts at studying 
the stability of fluid motions by recourse to the perturbation of the 
velocity equations, generally, the Navler-Stokes equations. The general 
lack of success with this approach need not be over-emphasized. The 
approach discussed in this thesis has shown some consistency in the 
prediction of unstable fluid situations based on both physical and the­
oretical grounds, and it Is suggested that a more detailed approach may 
yield a set o£ oscillation equations based on fluid displacements, that 
might help predict more consistently than has been the case so far, 
the conditions under which fluids would become unstable. 
The approach suggested here would be similar to that used in the 
study of the stability of elastic media and might lead to a general set 
of equations that govern the stability of continua. 
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The general theory of the stability of oscillations of continua 
would need to look at not only the stability or instability of transverse 
oscillations but also of rotatory motions, again from a multi-dimensional 
viewpoint. It is suggested that if such a theory is applied to the 
problem of stability of fluid motions, the nature of fluid stability 
may become clearer and the mechanisms that cause turbulence, for example, 
might come to light. The same equations would apply to fluids as well 
as solids, because in the theories of continuum mechanics, it is only 
when the constitutve relations between stress and strain are postulated 
and applied to the two materials that a divergence between them is 
achieved. The dynamic stability of elastic systems has been studied 
extensively and Bolotin's (34) approach to this problem has, in fact, 
been largely the basis for our analysis of the stability of the fluid 
jet. In retrospect, there is no reason why the basic stability charac­
teristics of fluids and solids should have different physical and, thus, 
mathematical foundations as has so far been proposed in most work relat­
ing to the stability of fluids. We have shown in this work, granting 
that there are simplifications in our theory, that there may be parallels 
between the stability problems of fluids and those of solids and thus 
suggest that fluid stability (turbulence, etc.) could benefit from this 
approach. 
Bolotin (34) has already derived the three-dimensional equations 
governing the stability of elastic media and those equations could be 
extended to the analysis of the stability of fluids subject to multi­
dimensional displacement disturbances from equilibrium. 
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Figures 38a and 38b show a diagrammatic representation of the one-
dimensional hypothesis governing fluid stability that has been advanced 
in this thesis. It should be emphasized again that multi-dimensional 
and other effects such as rotational stability have not been taken into 
consideration and that all the suggestions are based on the results of 
linearized theory. 
Unlike compressible fluid flow where the location of the sonic point 
divides the hyperbolic from the elliptic regions, it appears that for the 
case of transverse oscillatory stability, the dividing line is based on 
the sign of the normal axial stress. However, the existence of a discon­
tinuity, "shock" or jump is closely related to the existence of a similar 
"sonic" point, the term "sonic" being used here with a lot of licence and 
for lack of a better word. This difference between these two types of 
flow results in the anomalous situation depicted in Figure 38a where it 
appears that there can be a "smooth" transition from the hyperbolic 
region > 0) to the elliptic region (a < 0) if the fluid velocity 
is less than the oscillatory wave speed (v < c) everywhere between the 
two regions. 
It is suspected, however, that for most engineering fluids with 
fairly low viscosities, a^^(= -p + 2^^) is low enough so that v > c in 
the regions where > 0. Thus, in general, this situation may be only 
a mathematical possibility and probably is quite rare in real physical 
systems. 
Finally, a further argument in support of the notion of the existence 
of discontinuities in turbulent flows and their absence from laminar 
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instability type situations is the fact that, when laminar instability 
occurs, all parts of the fluid are affected simultaneously (a consequence 
of the supposed elliptic nature of the governing differential equations) 
while in some flows, there can be spots of turbulence in an otherwise 
laminar flow field, these regions of active turbulence having no apparent 
effect on the stability of the rest of the flow, a situation analogous 
to that in supersonic flow where shocks and discontinuities downstream 
have no effect on the upstream flow field. 
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X. CONCLUSIONS 
Based on the experimental data developed in this thesis and in 
conjunction with the one-dimensional model developed for a fluid stream 
or jet, the following appear evident: 
1) The one-dimensional model of the basic stable jet appears to 
predict the basic stable flow fairly accurately, although as is expected, 
there is less accuracy in the predicted profile at regions closer to the 
plate. Furthermore, a non-inertia, no surface tension analytically 
determined model (the viscous-gravity jet) of the basic stable jet gives 
solutions of the jet profile that agree quite well with the numerically 
determined solution of the one-dimensional equations that include all 
inertia, surface tension, gravity and viscous effects. 
2) There is a critical height, H^, at which either a plane jet or 
an axisymmetric jet will buckle. They are both stable to external dis­
turbances at plate-orifice distances below this value. Surface tension 
appears to be the most significant parameter affecting this height 
although there is some dependence on other flow and fluid variables. 
High values of surface tension tend to increase the critical height, 
while low values tend to decrease it. For the jets, at a given value 
of the surface tension parameter, the buckling height appears to be 
independent of jet geometry, 
3) Two-dimensional effects appear to have a significant impact on 
the behavior of the jet immediately after it buckles, becoming less and 
less important as the plate-orifice distance gets larger and larger. 
191 
The frequency of the oscillations that result after the fluid 
buckles, after, in some cases an initial region in which they may actu­
ally decrease with plate-orifice distance, generally increases with that 
distance. The presence or absence of the initial region of decreasing 
oscillation rates appears to be determined by the degree with which 
two-dimensional effects seem to be important in the flow. 
The oscillations disappear altogether at an apparently critical 
value of flow Reynolds number regardless of the other flow parameters. 
4) The oscillations of an axisymmetric jet are generally helical 
although two-dimensional folding is observed on some occasions. The 
oscillations of a plane jet are always of the folding type. 
5) A simple one-dimensional model of the jet after it buckles 
indicates that it may be possible to postulate a discontinuity in the 
jet diameter, with an accompanying loss of head across the discontinuity. 
For the silicone oil used in these experiments, this loss coefficient 
appears to be fairly constant. 
6) The fluid buckling process is probably initially quite sensi­
tive to two-dimensional effects and while it appears that discontinuities 
similar to those proposed for the one-dimensional jet might be the opera­
tive factors, we did not succeed in establishing this fact as being 
wholly or partially responsible for the buckling. We have shown, however, 
that the one-dimensional theory suggests that under the "appropriate" 
circumstances, there could be infinite growth of oscillations of the jet 
column. What these "appropriate" circumstances are, we have succeedcd 
in exposing only in very general terms. Clearly, a two-dimensional model 
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of the jet is required if the interaction of the jet column with the 
fluid on the plate is to be understood well-enough so that its exact role 
in the onset of the oscillations is to be appreciated. A multi­
dimensional model might also help to unearth why the oscillations for 
the axisymmetric jet are helical. 
7) The buckling process (based on the one-dimensional analysis) 
appears to be governed by a similar mechanism as that which governs 
Euler buckling from the standpoint that the existence of compressive 
normal forces or stresses appears to be a requirement for fluid buckling. 
Thus, Taylor's original hypothesis (12) concerning the buckling of 
viscous fluids appears to have some merit. 
8) Because the negative normal forces can be produced by having 
negative velocity gradients, the existence of some stagnation surface 
on which the fluid would need to slow down will generally result in the 
appropriate conditions necessary for buckling. However, high fluid vis­
cosities will tend to magnify the effect of the negative velocity gradient 
so that even in the presence of high values of the surface tension (which 
generally causes positive axial forces) a net compressive force could 
exist, resulting in the growth of instabilities. Similarly, low fluid 
viscosities, even in the presence of negative velocity gradients, might 
not, in combination, be sufficient to overcome the positive effects of 
surface tension. Thus, low viscosity fluids such as water, alcohol; 
kerosene, etc. might never be seen to buckle. 
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9) The conclusions drawn from the analysis of this one-dimensional 
fluid stream appear to be applicable to more complicated flow models 
in terms of predicting their stability, although final proof of these 
conclusions can only be obtained if and when the multi-dimensional dis­
placement equations are derived and solved. Meanwhile, it appears 
reasonable to suggest that stability in fluids is affected greatly by 
the sign of the normal stress terms. 
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XIII. APPENDIX A; THE PROPAGATION SPEED OF TRANSVERSE 
WAVES ON A LIQUID JET IN "TENSION" 
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From Equation 108a, 2 ~ ~ ' Thus, the characteristics of 
Equation 104 in the (x,t) plane are m* = v ± c. 
The implications of the situation v ^  c have been investigated by 
Miranker (32) for the case of the moving threadline equation. Swope 
and Ames (31) also discuss this condition. 
It is to be noted that for the case of a fluid jet in "tension," 
the governing oscillation equations (104) are the same as for the moving 
threadline and thus the behavior of the threadline near this critical 
condition might be reproducible for the fluid jet. Clearly, in the 
case of the fluid jet, c = c(x) and v = v(x) are not constants as for 
the moving threadline. 
Based on the work of Swope and Ames (31) it is expected that there 
might exist some point in the jet such that v = c. According to Swope 
and Ames (31), any waves originating at such a point would not propagate 
upstream, but would propagate downstream with velocity 2c. 
Experiments were carried out using the apparâcus described earlier 
(without the flat plate) to determine if there are any such points on 
the fluid jet and if they could be predicted theoretically. The simple 
experiment consisted of running a fluid jet without the flat plate so 
that the jet was in "tension" and represented a reasonable approximation 
to the semi-infinite jet. 
A sharp object was then used to tap at the column of fluid. The 
position of tapping at which no change in the jet profile upstream of 
the tap was observable was considered to be the point from which no 
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disturbances could travel upstream. The results, along with a theoreti­
cal determination of the location of any such critical points for the 
case of the semi-infinite viscous gravity jet solution. Equation 60a^ 
is presented in Figure 39. 
The dimensional version of Equation 60a is written below in terms 
of local jet dimater, d^. 
d, = —V- (Al) 
d K 
o 
where d is the orifice diameter and = 6yv /pga ^, and a = d /2. 
o o o o o 
For negligible surface tension. Equation 31 gives 
T = $;TTd*2^ . (A2) 
From continuity, v = v (1 + ^, (A3) 
o 
where v^ is fluid velocity at the orifice. 
Th":' a; = (A4) 
o o 
3ïïiJV d 
so that T = ^—5— . (A5) 
K(1 + 12%) 
o 
The mass per unit length of the jet, m, is given by 
- ° -f- L W6) 
^ d R/ 
o 
Thus, since c^ = T/m, we obtain 
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c=^ = (1 + with V = ^  . (A7) 
o o 
12Vv „ , 
Hence, c = ( ° (1 + '^ [^ )) (A8) 
o o 
The point where v = c, denoted by , is therefore given by 
o o o 
For very low fluid velocities, v - 0, thus this becomes 
(f-'crlt - (AlO) 
o o 
Thus, for the viscous-gravity jet, the location of this critical point 
can be predicted theoretically. 
Figure 39 shows that there is fairly good agreement between the 
theoretical prediction and the experimentally determined values. 
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Observations of the instabilities of a round jet and the 
effect of cocurrent flow 
R. W. Freeman and L. L. Tavlarides 
Department of Chemical Engineering, Illinois Institute of Technology, Chicago. Illinois 60616 
(Received 28 July 1978; final manuscript received 23 October 1978) 
Experimental observations of a fully developed round jet entering a second, less dense, immiscible liquid 
reveal that cocurrent flow of the outer fluid can eliminate instabilities. Both helical and axisymmetric 
disturbances were observed. 
Unstable flow patterns have been observed in a 
round jet flowing downward through a second immisci­
ble fluid. These instabilities can be eliminated or de­
layed by cocurrent flow of the outer fluid. Both axis-
ymmetrical and nonaxisymmetrical disturbances are 
observed. The region of stable jet operation will be 
described and the nature of the disturbances discussed. 
The ability of cocurrent flow to affect the stability 
of a round jet has been theoretically predicted. Alter-
man* derived the necessary conditions for the stability 
of inviscid coaxial flow of dissimilar fluids for both 
axisymmetric and helical disturbances of a given wave-
number. Recent work, however, has focused on the 
type of instabilities present in a jet in a homogeneous 
medium. Mattingly* determined that helical distur­
bances win dominate for •»" inviscid jet with a Gaussian 
velocity profile. Morris^ analyzed spatially unstable 
disturbances in a round viscous jet and concluded that 
either axisymmetric or nonaxisymmetric disturbances 
can occur depending on the initial mean velocity profile, 
initial disturbance, and axial distance. Lopez and 
Kurzweg'' found that for the velocity profile they ana­
lyzed, the type of disturbance which predominates 
varies with axial position. 
The observations reported here occurred during 
equipment trials for an experiment involving mass 
FIG. 1. Jet with axisym­
metric disturbances. Aver 
age velocity of jet=48 cm 
sec"', average velocity of 
outer fluid = 1.77 cm sec"'. 
Flow of both fluids Is down­
ward in all prints. 
782 Phys. Fluids 22(4), April 1979 © 1979 American Institute of Physics 
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transfer from a liquid jet. The device consists of an 
aqueous jet issuing from a long, 0.2 cm i.d. precision 
bore tube into a second, concentric, cylindrical vessel, 
through which an organic fluid may be passed. After 
about 3 cm of travel, the jet is captured by a second 
capillary and the two phases separated. The nozzle is 
free of irregularities when viewed under 20x magnifi­
cation. Outer vessels of 1.0 cm and 3.3 cm i.d. were 
used. The jet chamber is isolated from vibration by 
rubber shock mounts. The Reynolds number of the 
entering jet ranges from 800 to 1600. The Reynolds 
number in the annulus ranges from zero to 100. More 
details are published elsewhere.' 
Photographs of a water jet in toluene reveal unstable 
flow patterns for certain flow conditions at room temp­
erature. Figure 1 is an example of the axisymmetric 
disturbances observed. Figures 2 and 3(a) are ex­
amples of the nonaxisymmetric disturbances. The hel­
ical nature is apparent in Fig, 2. It should be noted 
that the disturbances shown here did not produce jet 
break up and flow can be maintained, presumably be­
cause the jet is terminated by the receiver. These 
disturbances are not readily visible to the naked eye. 
Except for a slight shimmering of the surface in the 
disturbed region, the jet presents the outward appear­
ance of a stable jet. A stroboscope was used in an 
FIG. 2. Jet showing heU-
cal dlstrubances. Aver­
age velocity of jet = 48 
cm SCO"', average ve­
locity of outer fluid 
= 0.36 cm sec"'. 
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attempt to determine if the instabilities were regular 
in period, but no synchronous frequency was found. 
Figures 3(a) and 3(b) show the stabilizing effect of 
cocurrent flow. In Fig. 3(a) the mean outer velocity is 
0.36 cm sec"' and the jet exhibits nonaxisymmetric 
disturbances. Figure 3(b) shows that stable, undis­
turbed flow occurs when the mean outer fluid velocity 
is 1.44 cm sec"'. In both figures, the mean jet velocity 
is 58 cm sec"'. Figure 4 summarizes the effect of co-
current flow observed with this jet apparatus. With no 
flow in the outer fluid, instabilities occurred at all jet 
flow rates. As the flow of the outer fluid is increased, 
undisturbed flow can be achieved for the range of oper­
ating conditions indicated. The transition from the un­
disturbed flow regime is not sharp. With flow condi­
tions near the boundary, slight vibrations can produce 
disturbed flow which may persist for several minutes. 
There is no apparent difference in the occurrence of 
instabilities with variation in jet chamber diameter. 
No undisturbed operation was possible for the larger 
(3.3 cm i.d.) vessel since the maximum mean outer 
fluid velocity was only 0.191 cm sec"'. 
Previous liquid-liquid jet investigators^'^ have com­
mented that viscous outer fluids promote stable flow. 
This effect was also observed here. Jets with cyclo-
hexane as the outer fluid (viscosity = 0.92 cp versus 
0.58 cp for toluene) were stable for all flow conditions, 
even a stagnant outer fluid. This observation is also 
consistent with the prediction by Alterman' that higher 
interfacial tension will enhance stability for a given 
disturbance since the interfacial tension of cyclohex-
ane/water is 50.2 dyn cm*' compared with 36.1 for 
toluene/water. 
The results of the inviscid stability analysis by Al-
terman' do not appear applicable to the situation en­
countered here. His analysis was not able to predict 
the existence of the stable region observed here. The 
failure of an inviscid analysis is not surprising, how­
ever, since the viscous interaction between the jet and 
the outer fluid appears to be an important factor. 
Helical disturbances appear to occur more often for 
low outer fluid velocities, but no firm conclusions can 
be drawn from the data. 
The ability of cocurrent flow to enhance stability is 
clearly demonstrated, however. This phenomena al­
lows liquid-liquid jet contactors with the coaxial flow 
feature to be used for low viscosity systems which may 
otherwise be unstable. 
Financial support by the National Science Foundation 
Research Grant ENG 77-26972 and partial support by 
Gulf Oil Foundation are acknowledged. 
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FIG. 3. £ffccts of incre^ming outer fliiid velocity on stabiliza­
tion of nonaxisymmetric disturbances. Print (a) has average 
velocity of jet r 53 cm sec"', outer velocity 0,36 cm sec"'. 
Print (b) has average jet velocity» 58 cm sec"', outer fluid 
velocity-1.77 cm sec"'. 
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APPENDIX C: COMPUTER PROGRAMS 
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The following computer programs were used to determine the stable 
jet profile. 
Program I solves the complete Pearson-Matovich equation (Equation 36) 
and is partially based on a "shooting" method program found in (37). 
Program II solves for the profile in the absence of the inertia 
and surface tension terms, thus it reproduces the analytically deter­
mined solution. Equations 80 and 81. The root-finding technique it 
uses is based on a similar technique found in (38). While the program 
shown here is obviously for Equation 81, only minor changes are needed 
for Equation 80. 
It must be emphasized that, in Program I, the choice of Gl, G2 
(the initial guesses of the velocity gradients at the orifice) is 
quite crucial to the successful completion of execution. Thus, any 
terminations not readily traced to other program errors may be due to 
the possibility that the choice of Gl and G2 is leading either to exces­
sively high velocities (exponent overflew) or negative velocities which 
would cause to exist complex terms in the governing differential equation. 
Experimentation is the only way the writer knows of to obtain appropriate 
values of Gl and G2 that lead to successful computation. 
The symbols of Program I: 
RNU = V (kinematic viscosity of fluid) , 
RMU = y (molecular viscosity of fluid) . 
RHO = p (fluid density), 
G = g (acceleration due to gravity) , 
SIGMA = a (fluid surface tension) , 
PI = TT (pi) , 
Q = flow rate of fluid , 
HT = plate-orifice distance. 
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DIA,D = jet orifice diameter, 
RE = Reynold's number based on jet orifice diameter, 
RKAY = yQ/Yd", 
SFPARA= a/Yd^, 
G1,G2 = initial guesses of velocity gradient at orifice. 
The symbols of Program II: 
K = (same as in Equation 43), 
A,B = interval on which root is to be found. 
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A. Program I 
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SJOB 'X',TIME=100,PAGES=1S0 
C *******$****FLuiD BUCKLING RESEARCH**************** 
C THIS PROGRAM SOLVES FOR THE JET PROFILE.NORMAL FORCE T.FLUID VELO-
C CITIES FOR A GIVEN ORIFICE OIA. . FLOW RATE AND FLUID PROPERTIES 
C FOR VARIOUS PLATE SETTINGS 
DIMENSION V0(2),VEN0(2),V*RK(4,2),F(2) 
D A T A  H , N , G 1 , G 2 , T 0 L / 0 . 0 1  , 2 , - 1 . 0 , 1 . 0 . 0 . 0 0 0 1 /  
D A T A  X S T A R T . 0 / 0 . 0 , ^ . 0 /  
D I A = 1 . 2 7  
H T = 3 . 7 5  
RHO=0.972 
R N U = 5 5 . 0  
P I = 3 , 1 4 1 5 9 2 6  
R M U = R N U * R H O  
G = 9 8 0 . 6 6 S  
S I G M A = 2 2 . 0  
R E A D . Q  
IF (Q .EQ. 1000.)TH£N OO 
GO TO 999 
END IF 
R E = 4 . 0 * 0 / ( P I * D I A * R N U )  
R K A Y = R M U * a / ( R H O * G * D I A * * 4 )  
S F P A R A = S I G M A / ( R H 0 * G * D I A * * 2 )  
PRINT 18.'RE='.RE,«K**2=',RKAY,'S.F. PARAMETER=»,SFPARA 
13 FORMAT ('0>,6X.A5*E12.4,A6,E12.4.A17.E12.4) 
J = H T / H  
G l = - 1 . 0  
G 2 = l . 0  
C A L L  B U C K L E ( X O . H « V O . V E N D . V W R K , F . N , Q , J , C S Q « I , X S T A R T , G 1 , G 2 . T O L . D )  
9 9 9  R E T U R N  
E N D  
S U B R O U T I N E  B U C K L E !  X O . H . V O , V E N D . V W R K , F « N , Q « J , C S Q * I , X S T A R T  .  
I G l , G 2 , T 0 L , D )  
C  T H I S  P R O G R A M  S O L V E S  T H E  N O N - L I N E A R  P E A R S O N  -  M A T O V I C H  E Q U A T I O N  
C  A  B O U N D A R Y  V A L U E  P R O B L E M  B Y  T H E  « S H O O T I N G '  M E T H O D .  I T  E M P L O Y S  
C  R K S Y S T  T O  S O L V E  T H E  E Q U A T I O N  W I T H  T W O  A S S U M E D  V A L U E S  O F  V *  A N D  
C  I N T E R P O L A T E S  F R O M  T H E  I N I T I A L  R E S I L T S  T O  F I N D  A  B E T T E R  V A L U E  O F  V  
C  I T E R A T I O N S  A R E  C A R R I E D  O N  U N T I L  S U C C E S I V E  V A L U E S  O F  V ( H )  F A L L  
C  W I T H I N  A  S P E C I F I E D  T O L R E R A N C E .  
C 
C  I N  T H E  P R O G R A M  V A R I A B L E S  V I  A N D  V 2  A R E  T H E  F I R S T  A N D  S E C O N D  C O M P O N  
C  - E N T S  O F  T H E  V E C T O R  V O  
C  
D I M E N S I O N  V 0 ( 2  )  . V E N O ( 2  > . V W R K ( 4 . 2 ) . F t  2 )  
C  I N I T I A L I Z E  T H E  V A R I A B L E S  W I T H  A  D A T A  S T A T E M E N T  
R N U = 5 5 . 0  
R H O = 0 . 9 7 2  
P I = 3 . 1 4 1 5 9 2 6  
R M U = R N U * R H O  
G=980.665 
SiCMA=22*0 
C A L L  V E L O t 0 . V S T A R T »  
C  0 0  T H E  I N T E G R A T I O N  O N C E  
V 0 ( 1 > = V S T A R T  
X O = X S T A R T  
V 0 ( 2 » = G 1  
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c  T H E  V A L U E  O F  T H E  E N D  P O I N T  I S  D E T E R M I N E D  B Y  H  E I G H T  O F  P L A T E  
D O  1 0  1 = 1 . J  
C A L L  R K S Y S T (  X O . H . V O . V E N D . V W R K . F . N . O *  
C  S T E P  U P  T H E  V A R I A B L E S  F O R  T H E  N E X T  I N T E R V A L  
V 0 ( 1 ) = V E N D ( 1 )  
V 0 ( 2 ) = V E N D ( 2 )  
X O = X O » H  
1 0  C O N T I N U E  
C  S A V E  T H E  F I R S T  R E S U L T  F O R  E X T R A P O L A T I N G  
R l = V O C l l  
C  D O  T H E  I N T E G R A T I O N  A G A I N  W I T H  S E C O N D  O F  V *  
X 0 = X S T A R T  
V 0 ( I ) = V S T A R T  
v o l 2 ) = G 2  
C  T H E  V A L U E  O F  T H E  E N D  P O I N T  I S  D E T E R M I N E D  B Y  H  E I G H T  O F  P L A T E  
D O  2 0  1 = 1 , J  
C A L L  R K S Y S T f  X O . H . V O . V E N D , V W R K . F . N . O )  
V 0 ( 1 ) = V E N D ( 1 )  
V 0 (  2 > = V E N D { 2 )  
X O = X O + H  
2 0  C O N T I N U E  
C  S A V E  T H E  S E C O N D  C A L C U L A T E D  V A L U E  
R 2 = V 0 ( 1 )  
C  N O W  W E  E X T R A P O L A T E .  T H E N  R E P E A T  T H E  A B O V E  C A L C U L A T I O N S  A  M A X  O F  
C  3 0  T I M E S  .  O R  U N T I L  W E  M A T C H  T H E  D E S I R E D  V A L U E  O F  V I H l  
D O  4 0  I T E R = 1 . 3 0  
I F  ( A B S { R 2 - 0 )  . L E .  T O L >  G O  T O  9 9  
X O = X S T A R T  
V 0 { 1 > = V S T A R T  
V 0 ( 2 ) = G 1 + ( G 2 - G 1 ) / ( R 2 - R l ) * ( D - R l )  
G 1 = G 2  
G 2 = y O C 2 î  
R  1 = R 2  
C  T H E  V A L U E  O F  T H E  E N D  P O I N T  I S  D E T E R M I N E D  B Y  H  E I G H T  O F  P L A T E  
• O  3 0  1 = 1 . J  
C A L L  R K S Y S T (  X O . H . V O . V E N D . V W R K . F . N . O )  
V 0 ( 1 > = V E N O t 1 )  
V 0 ( 2 ) = V E N O ( 2 )  
X O = X O + H  
3 0  C O N T I N U E  
R 2 = V 0 (  I  )  
4 0  C O N T I N U E  
C  W H E N  W E  H A V E  A  N O R M A L  T E R M I N A T I O N  O F  T H E  L O O P .  W E  D I D N ' T  C O N V E R G E  
C  P R I N T  A  M E S S A G E ,  T H E N  T H E  F I N A L  V A L U E .  
W R I T E  < 6 , 2 0 0 )  
2 0 0  F O R M A T  ( I H O ,  9 1 H  W E  D I D  N O T  M E E T  T O L E R A N C E  C R I T E R I O N  I N  2 0  I T E R A T !  
I O N S .  F I N A L  V A L U E  A T  E N D  O F  I N T E R V A L  W A S  )  
G O  T O  1 0 0  
C  W E  D I D  C O N V E R G E  I F  W E  C O M E  H E R E .  P R I N T  M E S S A G E  A N D  V A L U E .  
9 9  W R I T E  ( 6 , 2 0 1 )  I T E R  
2 0 1  F O R M A T d H O .  2 8 H  T O L E R A N C E  C R I T E R I O N  M E T  I N  . 1 3 .  
i  4 9 M  I T E R A T I O N S .  F I N A L  V A L U E  A T  E N D  O F  I N T E R V A L  W A S  }  
t o o  W R I T E  ( 6 , 2 0 2 )  R 2 , G 2  
2 0 2  F O R M A T  ( I H O ,  2 0 X .  F 7 . 4 .  
1  3 0 H  U S I N G  I N I T I A L  S L O P E  V A L U E  O F  , F 1 2 . 6 )  
X 0 = X S T A R T  
V 0 ( I ) = V S T A R T  
V 0 ( 2 ) = G 2  
O l = S a R T ( 4 . 0 * Q / ( P I $ V 0 ( l ) ) )  
C S Q  = ( 2 . 0 * S I G M A / D 1 + 3 . 0 * R M U * V O ( 2 ) ) / R H O  
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T  =(2.0*SIGMA/ D 1 4-3. 0 * R M U * V 0(2) ) * ( P I * D l$*2) / 4 . @  
WRITE (6.203) XO.VO.CSQTOI.T 
2 0 3  F O R M A T  ( I H O .  2 3 H  L A S T  C O M P U T A T I O N S  W E R E /  
I  I H O .  5 X . 4 H X L 0 C ,  S X . 8 H V  V A L U E . I I X . W H Y '  V A L U E .  9 X . 9 H C S Q  V A L U E ,  
2 1 6 X .  1 1 H Û I A .  OF J E T . 1 4 X . t O H V A L U E  OF T /  
3  I H O .  6 X .  E 9 . 3 .  6 X .  E 9 . 3 »  6 X .  E I 2 . 3 .  6 X .  E 1 2 . 4 . 1 2 X * E 9 . 3 . 1 2 X . E l 2 . 3  
4 >  
C  T H E  V A L U E  O F  T H E  E N D  P O I N T  I S  D E T E R M I N E D  B Y  H  E I G H T  O F  P L A T E  
D O  5 0  1 = 1 . J  
C A L L  R K S Y S T f  X O • H . V O . V E N D . V W R K . F . N . Q )  
V 0 ( 1 ) = V E N D ( 1 )  
V 0 ( 2 ) = V E N D ( 2 )  
o i = s a R T ( 4 . o * a / ( P i * v o ( i ) >  )  
C S Q  = ( 2 . 0 * S I G M A / D l + 3 . 0 $ R M U * V O ( 2 ) ) / R H O  
T  = ( 2 . 0 * S I G M A / D l + 3 . 0 * R M U * V 0 ( 2 ) ) * ( P I * D l * * 2 ) / 4 . 0  
XO=XO+H 
W R I T E  ( 6 . 2 0 4 )  X O . V O . C S Q . 0 1 • T  
2 0 4  F 0 R M A T ( 1 H  >  6 X , E 9 . 3 ,  6 X . E 9 . 3 . 6 X . E l  2 . 3  «  6 X . E 1 2 . 4 . 1 Z X . E 9 . 3 . 1 2 X . E l  2 . 3  
1 ) 
5 0  C O N T I N U E  
I = J  
R E T U R N  
E N D  
S U B R O U T I N E  R K S Y S T  (  X O > H . V O . V E N D . V W R K . F . N > Q )  
D I M E N S I O N  V O ( N ) , V E N 0 ( N ) . V W R K ( 4 . N ) . F ( N )  
C  G E T  T H E  F I R S T  E S T I M A T E  O F  T H E  D E L T A  V ' S  
C A L L  D E R I V S ( V O . X O . F . N . Q )  
D O  1 0  1 = 1 . N  
V W R K ( 1 , 1 ) = K * F ( I )  
V E N O ( I ) =  V 0 ( I ) + V W R K ( l , I ) / 2 . 0  
1 0  C O N T I N U E  
c  G E T  THE SECOND ESTIMATE. THE VEND VECTOR HOLDS THE V VALUES 
CALL DERIVS (VEND,XO+H/2.0.F.N.Q) 
D O  2 0  1 = 1 , N  
V W R K ( 2 . I ) = H * F (  I  )  
V E N D ( I ) = V 0 ( I ) + V W R K ( 2 , I ) / 2 . 0  
2 0  C O N T I N U E  
C  R E P E A T  F O R  T H I R D  E S T I M A T E  
C A L L  O E R I V S ( V E N D , X 0 + H / 2 . 0 , F , N . Q )  
DO 30 1=1,N 
VWRK(3,I)=H*F(I) 
V E N D ( I ) = V 0 ( I ) + V W R K ( 3 , I )  
3 0  C O N T I N U E  
C  N O W  G E T  L A S T  E S T I M A T E  
C A L L  D E R I V S I V E N D . X O + H . F . N . O )  
00 40 1=1,N 
VWRK(4.1)=H*F{I) 
40 CONTINUE 
C  W E  C O M P U T E  V  A T  E N D  O F  I N T E R V A L  F R O M  A  W E I G H T E D  A V E .  O F  4  E S T I M A T E  
C  S ,  T H E N  R E T U R N  
D O  5 0  1 = 1 , N  
V E N D :  I  ;  = v o  VSRKÎ i * i i  f z . o e v e e K *  Z i î î  f z a O a v y R K i  3 s  î  5  - t - y H R K s  4 s  î  : •  î  / ô s  
50 CONTINUE 
RETURN 
END 
S U B R O U T I N E  D E R I V S ( V , X , F , N , Q )  
C  T H I S  S U B R O U T I N E  C O M P U T E S  D E R I V A T I V E S  F O R  T H E  R K  R O U T I N E  
D I M E N S I O N  V ( N ) , F ( N )  
R N U = S S . O  
R H 0 = 0 . 9 7 2  
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P I = 3 . I 4 1 S 9 2 6  
R M U = R N U * R H O  
C = 9 8 0 . 6 6 S  
S I G M A = 2 2 . 0  
F ( 1 ) = V t 2 )  
F ( 2 ) = ( R H 0 * V (  l ) * V ( 2 ) - R H 0 * G + ( 3 . 0 * R M U * V ( 2 j * * 2 / V (  1  )  } - i - S  I  G M A ^ S Q R T  t  P I  >  
l * V ( 2 ) / ( 2 . 0 * S Q R T ( Q  ) / ( 3 . 0 $ R M U ;  
R E T U R N  
E N D  
S U B R O U T I N E  V E L O ( Q « V S T A R T I  
C  T H I S  S U B R O U T I N E  G I V E S  I N I T I A L  F L O W  V E L O C I T Y  F R O M  V O L .  F L O W  R A T E  
P I = 3 . 1 4 1 5 9 2 6  
0 = 1 . 2 7  
V S T A R T = 4 . 0 $ Q / ( P I * D * * 2 )  
R E T U R N  
E N D  
S E N T R Y  
9 . 5 8  
1000.0 
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B. Program II 
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s JOB • X'. T IMK-l 00, PACiES^ l'iO 
C  F L U I D  B U C K L I N G  R C 5 L A R C H  :  A N A L Y S I S  O F  B A S I C  F L O W * * * » * * * * * * * * * #  
C  0 . 7 5 I N  f J I A .  j e T . K  =  0  . 6 6  , L  =  5 . q O  n = d . 9 4 V = 6 . 3 4 C M / S  
R E A L  A . U . T O L ,  R O O T , P i  , I 3 A S 1  C (  I  7 0 )  , K  
I N T E G E R  M . N  
K=0.66 
P I = 3 . 1 4 1 5 9 2 6  
A = - P I / 2 .  
B = P I / 2 . 0 0 l  
T O L - 1  . 0 t : - 5  
M = 9 0 0 0  
C A L L  R E G F A L  ( A , B , R O O T . T O L , M , I T E R M )  
P R I N T  1 5 . • I T E R M = «  . I T E R M  
1 5  F O R M A T ( • I  «  , 2 0 X . A 1 5 , 1 4 )  
P R I N T  2 5 , « R O O T S ' . R O O T  
2 5  F O R M A T ( • 0 ' . 2 0 X , A 1 5 , F J 0 . 5 )  
N = l  
X=0.0 
C=RODT 
P R I N T  3 5 , ' T H E  V A L U E S  O F  B A S I C  F L O W  P R O F I L E '  
3 5  F O R M A T ( ' 0 ' . 2 0 X , A 4 2 )  
W H I L E t X  . L E .  5 . 9 )  D O  
B A S I C <  N ) =  C O S ( C ) / C a S ( C O S ( C ) * X / K + C )  
X = X + 0 , 1  
N = N +  1  
E N 3  W H I L E  
P R I N T  4 5 , ( B A S I C ( N ) , N = 1 , 6 0 )  
4 5  F O R M A T < • 0 ' . 5 X , 7 F 1 2 . 5 )  
R E T U R N  
E N D  
S U B R O U T I N E  R E G F A L  ( A ? B , R O O T  s T G L s  M , I T E R M Î  
R E A L  F A , F B , F N , X N  , F  
I N T E G E R  I T R , X T £ R M  
I T R - 1  
F A = F ( A )  
F B = F ( G )  
C  
C  R E G U L A  F A L S I  I T E R A T I O N  
C  
1  X N = ( A * F 8 - B * F A ) / ( F B - F A )  
F N = F ( X N )  
C  
C  T E S T  T O  S E E  I F  M A X .  N U M B E R  O F  I T E R A T I O N S  H A S  B E E N  E X E C U T E D  
C  
I F  ( I T R . G E . M )  G O  T O  4  
C  
C  T E S T  T O  S E E  I F  A R O O T  H A S  
C  
I F  ( A B S ( F N )  .LE. TOL) GO 
I F  ( F A * F  N  . L E .  0 . )  G O  T O  
A = X N  
F A = F N  
GO TO 3 
2  B = X N  
F B = P N  
C  
C  I N C R E M E N T  T H E  I T E R A T I O N  C O U N T E D  
C  
B E E N  F O U N D  
T O  5  
2 
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3 ITR=ITR+1 
GO TO I 
4 ITERM=2 
ROOT=XN 
RETURN 
5 ITERM=l 
ROOT=XN 
RETURN 
END 
REAL FUNCTION F(X) 
REAL X 
F=8.94*COS(X) KX-3.1415926/2.0 
RETURN 
END 
